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1. INTRODUCTION

The main objective of the present paper is to suggest a new approach to the
classical stable motivic homotopy theory of Morel-Voevodsky [18]. Let us give
more details.

In [24] Voevodsky develops the theory of (pre-)sheaves with framed correspon-
dences. One of its aims was to give another framework for SH (k) more amenable
to explicit calculations (see his Nordfjordeid Lectures [5, Remark 2.15] or his un-
published notes [24]).

Let Sm/k be the category of smooth separated schemes of finite type over a
field k. Recall that the category of framed correspondences F'r.(k), invented by
Voevodsky [24] Section 2], is defined as follows. Its objects are those of Sm/k
and morphisms sets F'r.(X,Y) = U,>0Fr,(X,Y) are defined by means of certain
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262 GRIGORY GARKUSHA AND IVAN PANIN

geometric data (see Section 21 below). The category Fr.(k) contains a subcategory
Fro(k) whose objects are those of Sm/k and the morphisms set between schemes
X and Y is the pointed set Fro(X,Y). The latter set coincides with the pointed
set More(X,,Y,) of pointed morphisms between pointed schemes X, and Y.
Following Voevodsky [24], we put for every Y € Sm/k (see Section [2 below):

Fr(X,Y) = colim(Fro(X,Y) 25 Fri(X,Y) 25 ... 25 Fr,(X,Y) 25 .0)

and refer to it as the set of stable framed correspondences. The set Fr(X,Y) is
pointed, contravariantly functorial with respect to X € Fr.(k) and covariantly
functorial with respect to Y € Fro(k).

Replacing Y by a simplicial object Y* in Fro(k), we get a pointed simplicial
set F'r(X,Y*). Replacing X by the standard cosimplicial object A} in Sm/k and
taking the diagonal, we get a pointed simplicial set Fr(Af,Y®). We put

T (V*) o= mp(Fr(ALL,Y®))

and call 7(Y®) the rth singular algebraic stable homotopy group of Y.

If we replace Y® by the simplicial circle S* (canonically regarded as an object of
A°PF'ro(k)) and take the base field to be the field of complex numbers C, we can
state our first result:

Theorem 1.1. The geometric realization of the simplicial set Fr(A®, S*) has the
homotopy type of the topological space Q°E>(S}, ), where S}, stands for the usual
topological circle.

The key point of the statement is this: the classical topological space of the
theorem is recovered as the simplicial set Fr(A®, S?), which is described in terms
of algebraic varieties only. This is one of the computational miracles of framed
correspondences.

Our next result is in the spirit of the preceding theorem. It extends the celebrated
theorem of Suslin and Voevodsky [21] on singular algebraic homology to the singular
algebraic stable homotopy defined above.

Theorem 1.2. The assignment X + 7 (X ® S1) is a generalized homology theory
on Sm/C. Moreover, passing to homotopy groups with finite coefficients, we get
equalities
7X@ S Zfm) = 7 (X4 A Sy Z/m)
for all integers s, m with m # 0.
Also, the first part of this theorem is true over any infinite perfect field k.
Namely, the assignment X +—> 71'*'T(X ® SY) is a generalized homology theory on

the category Sm/k.

The reader will find the proofs of Theorems [[.1] and [[.2] in Section [Tl

From now on we deal with the category Sm/k of smooth algebraic varieties
over an infinite perfect field k£ unless otherwise specified. Following [18], recall that
a pointed motivic space is a pointed simplicial Nisnevich sheaf on Sm/k. The
category of pointed motivic spaces will be denoted by sShve(Sm/k). Voevodsky
conjectured that if the motivic space F'r(A} x —, Y*®) is locally connected in the
Nisnevich topology, then it is weakly equivalent, locally in the Nisnevich topology,
to the motivic space Q%39 (Y7).

The proof of Theorem [6.4] shows that the motivic space Fr(Aj x — Y*) is a
commutative monoid in HS(k). In particular, the Nisnevich sheaf my(Fr(A® x
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—,Y*)) is a sheaf of commutative monoids. If this sheaf is a sheaf of Abelian
groups, then the space Fr(A® x — Y*) is called a (locally) group-like motivic
space. The following result (see Theorem [10.7]) answers Voevodsky’s conjecture in
the affirmative.

Theorem 1.3. Let k be an infinite perfect field. Then for any simplicial object Y*
in Fro(k) the canonical morphism

Fr(Ay x —,Y*) — QXS(Y?)

is locally a group completion. Furthermore, if Fr(Ay x —,Y*) is locally a group-like
motivic space, then the canonical morphism

Fr(Ap x —,Y*) — QXS(Y?)

is a local weak equivalence. In particular, the latter is true whenever Fr(A®x—,Y*)
is locally connected.

The preceding theorem shows that the theory of framed correspondences pro-
duces a machinery for computing motivic infinite loop spaces.

To prove Voevodsky’s conjecture, we introduce and study framed motives as well
as big framed motives in the present paper. The main goal of the machinery of
framed motives is to find an explicit A'-local replacement of the functor

Q&? (([)f gol HAl(kJ)—)SHsl(]{i)

To this end, we firstly regard SHg: (k) as the full subcategory of the ordinary stable
homotopy category SHg‘f(k) consisting of A'-local spectra. Then in Theorem [L.1
we construct an explicit functor My, : Hy1 (k) — SHg1 (k) together with a functor
isomorphism
a: QFEFTEH — My,

In order to formulate the main results of the theory of big framed motives, consider
the full subcategory S HIJ;';( ) of SH (k) consisting of framed bispectra E such that
for any 4, j > 0 the simplicial framed sheaf F; ; is A'-local regarded as an ordinary
motivic space and {Ef } regarded as an ordinary bispectrum is stably motivically
fibrant in the stable motivic model structure. Here “f” refers to a fibrant replace-
ment in the local model structure on sShve(Sm/k).

The main results of the theory of big framed motives are Theorems[12.4]and [12.5
Theorem [12.4] says that an explicitly constructed functor

M, - SH(k) — SHIT (k)

nis

converts classical Morel-Voevodsky stable motivic homotopy theory SH(k) into
an equivalent local homotopy theory of Al-local framed bispectra from SHI’:;(k)
thus producing a new approach to stable motivic homotopy theory. The main
ingredients of this equivalent local homotopy theory are framed motivic spaces of
the form C.Fr(—,Y) with Y € A°PFry(k) a simplicial scheme as well as their
framed motives My, (Y). Theorem [12.5] states that the morphisms set in SH(k)
between two bispectra F and E’ is the set mo(E°, M'}T(E’ )7) of ordinary morphisms
between bispectra E° and M?T(E’ ) modulo naive homotopy.

Let us indicate some applications of the theory of framed motives and big framed
motives. The fact that « is a functor isomorphism yields the following statement:
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for any X € Sm/k and any simplicial object Y* in Fry(k) one has a canonical
isomorphism
(1.1) _

SH(k)(SESH X, SEERV2In]) = SHES(B) (S5 X1, My, (Y*)nl), 0 >0,

(see Theorem [11.5). In particular, the isomorphism « yields that for any simpli-
cial object X*® in Fro(k) the projection X® x Al — X* induces an isomorphism
My (X® x AY) = My, (X*®). Furthermore, the functor My, converts any elemen-
tary distinguished Nisnevich square of k-smooth varieties to a Mayer—Vietoris exact
triangle (see Theorem [B.I0). Another important property of framed motives is as
follows: given a morphism ¢ : Y* — Z* of simplicial objects in Frq(k) such that
the morphism LY (¢) is an isomorphism in SH(k), the morphism My, (p) is a
local equivalence.

By definition, the framed motive of a smooth scheme X € Sm/k over a field k is
a motivic S'-spectrum M #r(X) whose terms are certain explicit motivic spaces with
framed correspondences (see Definition[5.2). We use framed motives to construct an
explicit quasi-fibrant motivic replacement (i.e. an Q-spectrum in positive degrees)
of the suspension P!'-spectrum X2 X in Theorem [K.1] (here P! is pointed at oo).
Another application is to show in Theorem [I1.1] that an explicitly constructed
bispectrum

M}GT(X) = (MfT(X)7MfT(X)(1)7Mfr(X)(2)7 . ')7

each term of which is a twisted framed motive of X, has the motivic homotopy type
of the suspension bispectrum XZ°X%3 X of X. Moreover, if we take a stable local
fibrant replacement My, (X)(n) s of each twisted framed motive then the bispectrum

M?T(X)f = (Mg (X) g, My (X)(1) p, M (X)(2) 4, .. )

is motivically fibrant by [1, Theorem A]. These definitions and results hold equally
for simplicial objects in the category F'ro(k). We should point out that for any
simplicial object Y'® in F'ro(k) there is a canonical morphism of bispectra

MF(Y*) = MG, (EFTFEYY),
which is an isomorphism in SH (k). Thus the composite morphism LZXHY? —
ME(Y*) = M, (SFTH YY) is an isomorphism in SH (k). This yields an equality
(see Theorem [12.5])
SH(k)(SFEF X1, SFEHYY) = mo(M, (SFEFY)] 5(X))-
Here “f” refers to a fibrant replacement in the local model structure on
sShve(Sm/k).

Let us also give some applications of the isomorphism (L.I). Since My, (Y*)
is a sheaf of Segal S'-spectra, it follows that for any n < 0 the Nisnevich sheaf
Wﬁjo(Eg’Eg"lY_;) vanishes. By varying Y®, one gets a much stronger vanishing
property. Namely, for any n < r one has Wﬁ;(E@?EgﬂYﬁ) = 0. We can also
compute Wﬁ;(Zg’Zg‘i Y?) for n = r with » <0 as

T W (SREFYD)(K) = HoZF (A%, Y* x G), n >0,
Here K/k is any field extension and ZF (A%, Y *xG)")) is an explicit chain complex
of free Abelian groups. If X = Spec(k), char k = 0, then using Neshitov’s compu-
tation Ho(ZF (A%, GA")) = KMW(K) [19] we recover the celebrated theorem of
Morel [17] for Milnor-Witt K-theory for fields of characteristic zero.
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We also give an explicit computation of the suspension functor (see Theorem [10.5])
558t Hpy (k) — SH(k).
It is isomorphic to an explicitly constructed functor
Mpna : Hya (k) — SH(k)

that takes a motivic space to a spectrum consisting of spaces with framed corre-
spondences.

As a topological application, using the machinery of framed motives together
with a theorem of Levine [16], we show in Theorem [I1.9] that My, (pt)(pt), the
framed motive of the point pt = Speck evaluated at pt, is a quasi-fibrant model
(i.e. an Q-spectrum in positive degrees) of the classical sphere spectrum if the base
field k is algebraically closed of characteristic zero.

Finally, we show that every P!-spectrum FE is actually isomorphic in SH (k) to
a framed spectrum in a canonical way, functorially in E. Furthermore, there is an
equivalence of categories

SH(k) — SHI" (),
where SHY" (k) is a full subcategory of framed P'-spectra (see Theorem [13.4)).

2. VOEVODSKY’S FRAMED CORRESPONDENCES

In this section we collect basic facts about framed correspondences and framed
functors in the sense of Voevodsky [24]. We start with preparations.

Let S be a scheme and let Z be a closed subscheme. Recall that an étale neigh-
borhood of Z in S is a triple (W', n’ : W — S,s' : Z — W') satisfying the
conditions:

(i) #" is an étale morphism;

(ii) 7" o s’ coincides with the inclusion Z — S (thus s’ is a closed embedding);

(i) (') "1(2) = 5'(2)

A morphism between two étale neighborhoods (W', 7, s') — (W” 7" s") of Z
in S is a morphism p : W/ — W” such that 7"/ o p = 7’ and po s’ = s’. Note that
such p is automatically étale by |11 VI.4.7].

Definition 2.1 (Voevodsky, [24]). For k-smooth schemes X,Y and n > 0, an
explicit framed correspondence ® of level n consists of the following data:

(1) a closed subset Z in A% which is finite over X;

(2) an etale neighborhood p : U — A% of Z in A%;

(3) a collection of regular functions ¢ = (1, ..., p,) on U such that NI, {p; =

0} = Z;

(4) a morphism g : U — Y.
The subset Z will be referred to as the support of the correspondence. We shall also
write triples ® = (U, ¢, g) or quadruples ® = (Z,U, ¢, g) to denote explicit framed
correspondences.

Two explicit framed correspondences ® and ®’ of level n are said to be equivalent
if they have the same support and there exists an open neighborhood V of Z in
U xan U’ such that, on V, the morphism gopr agrees with g’ opr’ and popr agrees
with ¢’ o pr’. A framed correspondence of level n is an equivalence class of explicit
framed correspondences of level n.
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266 GRIGORY GARKUSHA AND IVAN PANIN

Let Fry,(X,Y) denote the set of framed correspondences from X to Y. We
consider it as a pointed set with the basepoint being the class 0,, of the explicit
correspondence with U = ().

As an example, the set Fro(X,Y") coincides with the set of pointed morphisms
X4+ — Y,. In particular, for a connected scheme X one has

FTO(Xv Y) = HomSm/k(X7 Y) U {OO}

If f: X’ — X is a morphism of schemes and ® = (U, ¢, g) is an explicit correspon-
dence from X to Y then

[1(@):=U"=Uxx X', popr,gopr)
is an explicit correspondence from X’ to Y.
Remark 2.2. Let ® = (Z,A% & U,p: U — AP,g: U = Y) € Fr,(X,Y) be an

explicit framed correspondence of level n. It can more precisely be written in the
form

((0&1,0{2, .. .,Oén),f, Za Ua (Sola§02a .. agpn)vg) S FTn(X,Y)
consisting of

o Z C A% a closed subset finite over X,

¢ an etale neighborhood (o, as,...,00), f) =p: U - Al x X of Z,

o a collection of regular functions ¢ = (1, ..., p,) on U such that N, {y; =
0} =2,

¢ a morphism g: U — Y.

We shall usually drop ((a,as,...,ay), f) from notation and just write

(Z7 Ua (@17@27 .- 7@”)%9) = ((0617012, .- 'aan)?fv Za U’ (9015 P25 QDTL)vg)'

The following definition is to describe compositions of framed correspondences.
Definition 2.3. Let X,Y and S be k-smooth schemes, let

a = ((Oq,Oéz,...,Ozn),f, Z,U, (<P17<P2a"'7¢7l)5g)

be an explicit correspondence of level n from X to Y and let

b= ((61762) .. 'aﬁm)7f/7Z/7Ul7 (wlana .. 'aw’m)ag/) S FTW(K S)

be an explicit correspondence of level m from Y to S. We define their composition
as an explicit correspondence of level n + m from X to S by

((0&1,...,047“61,...,Bm),f,ZXyz/,U><y U/7(<)017"'7§0n7¢1a"'7wm)ag/)'

Clearly, the composition of explicit correspondences respects the equivalence rela-
tion on them and defines associative maps

Fr (X,)Y) X Frp,(Y,S) = Froom(X,S).

Given X,Y € Sm/k, denote by Fr,(X,Y) the set \/, Fr,(X,Y). The com-
position of framed correspondences defined above gives a category F'ry (k). Its
objects are those of Sm/k and the morphisms are given by the sets Fr (X,Y),
X,Y € Sm/k. Since the naive morphisms of schemes can be identified with certain
framed correspondences of level zero, we get a canonical functor

Sm/k — Fry (k).
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FRAMED MOTIVES OF ALGEBRAIC VARIETIES 267

The category Fry (k) has the zero object. It is the empty scheme. One can easily
see that for a framed correspondence ® : X — Y and a morphism f : X’ — X, one
has f*(®) =P o f.

Definition 2.4. Let X, Y, .S and T be smooth schemes. There is an external product
Fro(X,Y) X Fro(S,T) === Frpim(X x S,Y x T)
given by
((a1,...som), £, Z,U, (015 0n), 9) B((Br, - -, ) f, 20U, (W1, - ¥m), )
=((a1y ey, Brye ey B )y [XF L ZXZ UXU (015 s Oy WLy e e V) X G ).

For the constant morphism c: Al — pt, we set (following Voevodsky [24])
Y =—K(tc {0}, A te): Fr (X,Y) = Fro1(X,Y)

and refer to it as the suspension.
Also, following Voevodsky [24], one puts

Fr(X,Y) = colim(Fro(X,Y) 2 Fri(X,Y) 2 ... 3 Fro(X,Y) 2 ...)

and refers to it as the set of stable framed correspondences. The above external
product induces external products

Fro(X,Y) x Fr(S,T) =25 Fr(X x S,Y x T),
Fr(X,Y) x Fro(S,T) === Fr(X x 8,Y x T).

Definition 2.5.
(I) Let Y be a k-smooth scheme and S C Y be a closed subset and let U € Sm/k.
An ezplicit framed correspondence of level m > 0 from U to Y/(Y — S) is a tuple:

(Z7M/7§017"'7§0’m;g:W_>Y)7

where Z is a closed subset of U x A™ finite over U, W is an étale neighborhood of
Z inU x A™ ©1,...,pn are regular functions on W, and ¢ is a regular map such
that Z = Z(p1,...,0m) N g 1(S). The set Z is called the support of the explicit
framed correspondence. We shall also write quadruples ® = (Z, W, ¢; g) to denote
explicit framed correspondences.

(IT) Two explicit framed correspondences (Z, W, p; g) and (Z', W', ¢'; ¢') of level
m are said to be equivalent if Z = Z' and there exists an étale neighborhood W
of Z in W xum W' such that ¢ o pr agrees with ¢’ o pr’ and the morphism g o pr
agrees with ¢’ o pr’ on W”.

(III) A framed correspondence of level m from U to Y/(Y —S) is the equivalence
class of an explicit framed correspondence of level m from U to Y/(Y — 5). We
write Fr,(U,Y/(Y — S)) to denote the set of framed correspondences of level m
from U to Y/(Y — S). We regard it as a pointed set whose distinguished point is
the class Oy (y_g),m of the explicit correspondence (Z, W, ¢; g) with W = 0.

(IV) If S = Y then the pointed set Fr,,, (U, Y/(Y —.5)) coincides with the pointed
set Fr,(U,Y) of framed correspondences of level m from U to Y.

Definition 2.6. A framed presheaf F on Sm/k is a contravariant functor from
Fry (k) to the category of sets. A framed functor F on Sm/k is a contravariant
functor from Fry (k) to the category of pointed sets such that F(@)) = pt and
FXUY)=FX)xFY).
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268 GRIGORY GARKUSHA AND IVAN PANIN

A framed Nisnevich sheaf on Sm/k is a framed presheaf F such that its restric-
tion to Sm/k is a Nisnevich sheaf.

Note that the representable presheaves on Fr (k) are not framed functors.

Construction 2.7. We set F'ry (=, Y/(Y = 5)) =V, 5o Frm(=Y/(Y = 5)) and
define the structure of a framed presheaf on it as follows. Let X,Y and S be
k-smooth schemes and let

U= (2, A x VT Wy o g s W U) € Fry(V,D)

be an explicit correspondence of level k from V to U. Suppose
&= (Z,A" x U 2 Wy, 00, pmig W = Y) € Fro(U,Y/(Y = S))

is an explicit correspondence of level m from U to Y/(Y — S). We define U*(®) as
an explicit correspondence of level k + m from V to Y/(Y — S) as

B,
(Zxu 2z, AR+ v BT Wk @1 Pms g OPTW) € Fri i (V, Y/ (Y = ).

Clearly, the pullback operation (¥, ®) — ¥*(®) of explicit correspondences respects
the equivalence relation on them. We get a pairing

@1)  FrlV,U) x Froa(U,Y/(Y = 8)) = Friym(V,Y/(Y - 5))
making Fr(—,Y/(Y — 5)) a Fr(k)-presheaf.

Denote by
22)  ovjrs) i Frn(UY/(Y = 8)) > Froa(U,Y/(Y - 5))

a map, which takes ® = (Z, W, p;g) to (Z x {0}, W x AL, popryy, prai;g).
Following Voevodsky [24] we give the following
Definition 2.8. We shall refer to the set
Fr(UY/(Y =8)):=
TY/(¥=5)

= colim(Fro(U,Y/(Y = 8S)) ——= Fri(U,Y/(Y - 5))
as the set of stable framed correspondences from U to Y/(Y — S).

m...)

Remark 2.9. Tt is straightforward to check that for any framed correspondences
U e Fr,(U,U) and ® € Fr,(U,Y/(Y — S)) one has that oy/y_g)(¥*(®)) =
U*(oy/(y—s)(®)). This shows that the assignment U +— Fr(U,Y/(Y — 5)) from
Definition 2.8]is a framed presheaf.

For a scheme X we let Ft/X denote the category of schemes separated and étale
over X.

Theorem 2.10 (Voevodsky, [24]). Let X be a k-smooth scheme. Then for any
scheme Y the functor U v Fr,(U,Y) from Et/X to Setse is a sheaf in the etale

topology.
The proof of the latter theorem given in [24] yields the following

Corollary 2.11. Given Y € Sm/k and any closed subset S in'Y, the presheaf
Fr,(—=,Y/(Y=5)) on Sm/k is a pointed Nisnevich sheaf. Also, the framed presheaf
Fr(=,Y/(Y —8)) is a framed Nisnevich sheaf.
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3. THE VOEVODSKY LEMMA

In this section we discuss the Voevodsky lemma computing framed correspon-
dences in terms of morphisms of associated Nisnevich sheaves. It is crucial in
our analysis. Corollary B.3] and a sketch of its proof was communicated to us by
A. Suslin. It very much helped the authors in understanding Voevodsky’s notes
[24].

Construction 3.1. Given an explicit framed correspondence « = (Z, W, g : W —
Y) from X to Y/(Y —5) of level zero, consider an elementary distinguished square
of the form

Wz W

(P)Wzl J{P

X—ZTX

where p : W — X is an étale neighborhood of Z. Let ¢ : Y — F :=Y/(Y — )
be the canonical morphism of Nisnevich sheaves. Take a morphism of sheaves
qgog: W — F and a morphism of sheaves ¢ : X — Z — F sending X — Z to the
distinguished point of F'. These two morphisms agree on W — Z. Thus there is a
unique morphism of Nisnevich sheaves

S(z,W,g) * X > F

such that s(zw,g) oin = c and sz w,g o p = qo g. Clearly, the sheaf morphism
5(z,w,g) depends only on the equivalence class of (Z, W, g) in Fro(U,Y/(Y — S)).
The assignment (Z, W, g) — 5(z,w,y) defines a map of pointed sets

G,ij/(y_s) : F?“()(X, Y/(Y — S)) — MOIS}W(X, Y/(Y — S))
The map ax y/y—s) is natural in X with respect to morphisms of smooth varieties.
Hence ay/y—gy : Fro(—,Y/(Y = 8)) = Morgp,(—,Y/(Y — §)) is a morphism of
presheaves on the category Sm/k. Using Corollary 2.11] the morphism

ay/(y—-8) * F?“()(—, Y/(Y — S)) — MOI‘S}w(—,Y/(Y — S))

is a morphism of Nisnevich sheaves on Sm/k.
Lemma 3.2 (Voevodsky’s lemma). Let Y be a k-smooth scheme and let S CY be
a closed subset. The morphism of pointed Nisnevich sheaves
(31) ay/(y_s) : FT()(—, Y/(Y — S)) — 1\/101‘5}”)(—7 Y/(Y — S))
is an isomorphism.
Proof. Since ay,(y_s) is a morphism of Nisnevich sheaves, it suffices to check that
for any essentially k-smooth local Henselian U the map ax y/(y—s) is a bijection.
Let U be local essentially smooth Henselian with the closed point v € U. Since U

is local Henselian the following holds: for any non-empty closed subset Z in U the
Henselization U of U at Z coincides with U itself. This shows that

Fro(U,Y/(Y =8)) =00 ={(Z,U,f:U =Y) | Z=f19),Z # 0}
={f:U—=Y|f(u) € S}

Here 0g is the distinguished point in Fro(U,Y/(Y —S)). The map ay,y /v —g) takes
a triple (Z,U, f) to the morphism go f : U — Y/(Y —S), where ¢ : Y — Y/(Y - 5)
is the quotient map.
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270 GRIGORY GARKUSHA AND IVAN PANIN

Let Y, (U) C Y(U) be the subset of U-points of Y consisting of g € Y(U) with
g(u) € S. Then the map Y (U) = Morg, (U, Y) = Morgp,, (U, Y/(Y — 5)) taking
feY(U) to go f identifies Y, (U) with the subset Morgp,, (U, Y/(Y — S)) — x. In
fact,

(3.2) Morgy, (U, Y/(Y — §)) = (Yu(U) U (Y - S)(U))/(Y = S)(U)) = Yu(U) U,

where * is a singleton. Hence the map

av,y /(v —8)| Fro,y/ (v -8))— {00} * Fro(U,Y/(Y = 8))\ {00}
— MOI“S}w. (U, Y/(Y — S)) \ *

is a bijection. Thus the map ayy,(y—s) is a bijection, too. (Il

Corollary 3.3. LetY be a k-smooth scheme and let S CY be a closed subset. Let
X be a k-smooth variety and B C X a closed subset. Suppose Fro(X/B,Y/(Y —S5))
is the subset of Fro(X,Y/(Y —S)) consisting of framed correspondences (Z, W, g)
with Z N B = 0. Then the map of pointed sets

ax/By/(y—-s): Fro(X/B,Y/(Y = S)) = Morgp,, (X/B,Y/(Y = 5))
is a bijection.
Proof. Consider a commutative diagram

ax/B,Y/(Y—-S)

Fro(X/B,Y/(Y = 5)) Morsp,, (X/B,Y/(Y = 5)),

Fro(X,Y/(Y = 8)) ———775=5 Morsn (X, Y/(Y = 5))
where r* is induced by the quotient map r : X — X/(X — S). Since r is an
epimorphism the map r* is injective. The map in is an inclusion by the definition
of Fro(X/B,Y/(Y —S)). By Lemma [B.2] the map ax y/y—s) is bijective. Thus
the map ax,p,y/(vy—s) is injective. It remains to check its surjectivity.

Let g : X — Y/(Y —S) be a Nisnevich sheaf map. It is in Morgp,, (X/B,Y/(Y —
S)) if and only if g(B) is the distinguished point * in Y/(Y — S).

Let g : X — Y/(Y — 5) be a Nisnevich sheaf morphism such that g(B) = .
We claim that g is in the image of ax,py/(v—s). By Lemma [B.2] there is an
explicit framed correspondence (Z,W,§: W —Y) from X to Y/(Y — S) such that
g=axy/yv-s)(Z,W,5: W —Y)). The latter equality means that the morphism
g is unique such that g(X — Z) = x and go g = gop. If g(B) = *, then BN Z = {).
Indeed, if b is a closed point of the closed subset BN Z then % # g(b) € S. On
the other hand, g(b) = g(b) = *. We see that BNZ =0, (Z,W,5: W = Y) is in
Fro(X/B,Y/(Y = 5)),and g = ax/By;v-s)(Z,W,§: W = Y)) as claimed. 0O

Remark 3.4. Let n > 0 be an integer. Let B,, C (P*)" be a closed subset which is
the union of all subsets of the form P! x ... x {oo} x ... x P!. Set By = {oc0}. For
any X,Y € Sm/k and any n > 0 the inclusion
Fr (X,Y) C Fro(X x (PH)"/X x B,,Y x A"/Y x (A" — {0}))

is an equality. To see this, it suffices to check that any element (Z, W, f : W —
Y x A™) from Fro(X x (PY)"/X x B,,Y x A"/Y x (A" — {0})) is contained in
Fr,(X,Y). Since ZN (X x B,) =0, it follows that Z C X x A™. Since Z is closed
in X x (PY)", Z is projective over X. Since Z is also affine over X, it is finite over
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X. Giving a morphism f: W — Y x A" is the same as giving n functions ¢, ..., o,
and a morphism g : W — Y. The condition Z = f~1(Y x {0}) is equivalent to that
of Z={p1 = ... = p, = 0}. The desired equality is checked.

The preceding remark and Corollary 3.3l imply the following
Proposition 3.5 (Voevodsky). For any X,Y € Sm/k and any n > 0 the map

Un,X,Y = QX x(P1)1/X x B, Y xAn /Y x(An—{0}) | Fn(X,Y)
— Homgpygis (sm k) (X4 A (P, 00)", Yy A (A (AT = 0))")
= HomShv'.‘“(Sm/k) (X+ A (Plv OO)/\nv Y+ A Tn)
is a bijection.

In what follows we shall write P"" for (P!, 00)"" and Hom (X AP " Y, AT™)
instead of Homgpypis (gm k) (X4 A PA" Y, AT™). We shall also write Fr,(X,Y) to
denote Hom(X APN Y, AT™).

Consider two categories F'ry (k) and Fry (k), where the objects in both categories
are those of Sm/k. The category Fr, (k) is defined in[2.3] The morphisms between
X and Y in Fry (k) are defined as \/, 5o Frn(X,Y). The composition is defined as

follows. Given two morphisms o : X AP — YL AT™ and 8 : YL AP — S AT™,
define a morphism o« € Fry,4,(X,S) as the composite

Xy AP AP 2Ny AT AP

=T AY, AP L Ay AT 2 Y AT AT
It is straightforward to check commutativity of the diagram

Fro(X,Y) x Fr,(Y,8) —— Frpy..(X,S)

Fro(X,Y) x Fro(Y,S) —>= Fryin(X,S).
These observations imply the following
Corollary 3.6. The functor
a: Fry(k) — Fri(k)

s an isomorphism of categories.

It is also worthwhile to make the following
Remark 3.7. One has that

Fro(X,Y/(Y = 8)) C Fro(X x (P)"/X x B,,Y x A"/(Y x A™ — S x {0}))

is an equality. To prove this it suffices to check that any element (Z, W, f : W —
Y x A") from Fro(X x (PH)"/X x B,,Y x A"/(Y x A" — S x {0})) is contained
in Fr,(X,Y(Y —8)). Since ZN (X x B,) =0, Z C X x A™. Since Z is closed
in X x (PY)", Z is projective over X. Since Z is affine over X, it is also finite
over X. Giving a morphism f: W — Y x A™ = A" X Y is the same as giving n
functions @1, ..., ¢, and a morphism g : W — Y. The condition Z = f~1(S x {0})
is equivalent to that of Z = {1 = ... = ¢, = 0} Ng~1(S). The equality is checked.

The previous remark and Corollary [3.3]imply the following
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Proposition 3.8 (Voevodsky). For any X,Y € Sm/k and any n > 0, the map

An, X, Y/(Y-S) * Fro(X,Y/(Y = 5))
— Homgpo, (X4 APMY x A"/(Y x A" — S x {0}))
= Homgp,, (X3 AP Y/(Y — S)AT™)
is a bijection.

For brevity, we will write Fr,(X,Y/(Y—S)) to denote Homgp,, (X+ AP, Y/(Y—
S)NT™).

Remark 3.9. For any pointed Nisnevich sheaf F, Fry (F) := \/, 5, Hom(P"", F A
T™) is a framed presheaf. Indeed, define for any U, X € Sm/k and any m,n a map
of pointed sets

Hom (U AP"™, X | AT™) x Hom(X AP, FAT™) — Hom (U, APA™H™)  FAT™H™),

fa: U APY — X, AT™ and s : X AP — F AT™ are morphisms of pointed
Nisnevich sheaves, then we define a*(s) as the composite morphism
U, APA AP 28 5 AT A PAT
=T A Xy AP 2SS oA FATY 2 FAT™ AT
By Corollary B.6] the categories Fro (k) and Fr, (k) are isomorphic. The category
isomorphism makes Fry(F) a framed presheaf. In the special case when F =
Y/(Y — S) the bijections a,, x,y/(y—g) induce isomorphisms of framed presheaves
ay;y-g): Fry(=Y/(Y=5)) = Fry(=,Y/(Y=5)), where Fr (-, Y/(Y -S)) :=
Viso Fra(=Y/(Y = 95)).
Definition 3.10. For a pointed Nisnevich sheaf F set
Fr(—,F) = colim(F = Hom(P"', F AT) -% Hom(P"2, FAT?) 25 -+,

where o(® : Uy APA" = FAT?) = (Uy A PN 22200 7 o p pat 209,

F AT"1). Observe that Fr(—, F) is a framed Nisnevich sheaf.
In the special case F = Y/(Y — S) one has that
(33) ay/(y_s) = colimn amy/(y_s) : FT(—, Y/(Y — S)) — ]:’I"(—7 Y/(Y — S))

is an isomorphism of framed sheaves.

In what follows we shall identify the isomorphic framed sheaves Fr(—,Y/(Y—5))
and Fr(—,Y/(Y — S)). If we write Fr(—,Y/(Y — S)) then we use the geometric
description of the sheaf. In turn, the use of Fr(—,Y/(Y —.5)) will mostly refer to
the equivalent categorical description. The reader should always keep in mind the
equivalent descriptions of both framed sheaves thanks to Voevodsky’s Lemma.

4. MOTIVIC VERSION OF SEGAL’S THEOREM

After collecting necessary facts about framed correspondences in previous sec-
tions, we can formulate the main computational result of the paper. It is reminiscent
of Segal’s theorem computing the suspension spectrum X3 X of a topological space
X as the Segal spectrum of an associated I'-space BX.x (see [20, Section 3] for more
details). The motivic counterpart of the Segal theorem computes the suspension
P'-spectrum Xp¢ X of a smooth algebraic variety X in terms of associated motivic
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spaces with framed correspondences. In a certain sense the theory of framed cor-
respondences gives rise to an infinite P'-loop space machine. In order to formulate
the theorem, we need some preparations.

In Section2lwe introduced Nisnevich sheaves Frs(—,Y/Y —S) and Fr(—,Y/Y —
S). In the special case when Y = X x A™ and S = X x 0 we shall write Fry(—, X x
T") and Fr(—,X x T™) to denote the Nisnevich sheaves Fry(—, X x A"/(X x
A" — X x0)) and Fr(—, X x A"/(X x A™ — X x 0)), respectively. Recall that an
element of Frs(—, X x T™) can be written as a tuple (Z, W, (1, ..., ps; V1, .oy V)
W — Ast7: g W — X)) such that the support Z = Z(¢1, ..., 05) N Z (W1, .y ) =
Z(P1y s Pss V15 oy Y.

For X € Sm/k and integers s,n > 0 consider a morphism of pointed Nisnevich
sheaves

(4.1) Oon : Fro(— X x T™) — Hom (P, Fry(—, X x T™).

It takes (Zu VVa P1y 5 Ps; d]lu ) djnag) to (ZXO, WXA17 P1y-eey <Ps§¢17 ) ¢n7prAl;g)'
On the other hand, we have canonical maps (2.2)

(42) Og,XxTn ' FT‘S(—,X X Tn) — F’I“SJrl(—,X X Tn)

taking (Za VV7 P11y -0y Ps3 d}la EE3) 1/}nag) to (ZXO? WXAlv PLs ey stapTAl;wlv 7¢n7g)
We have a commutative diagram

Fro(—, X x T") — 2" Hom(P", Fry(—, X x T"+1))

Us,XxT"J( J/(US,XXT"‘Fl)*

Fro (=, X x T%) 2228 Hom(PA, Fryyq(—, X x T™1)).
Passing to colimits in the s-direction, we get a morphism of pointed sheaves
on: Fr(— X x T") — Hom (P, Fr(—, X x T"*1)).
We can form a P'-spectrum
(4.3) Frpm p(X) = (Fr(—, X), Fr(—, X xT),Fr(—, X xT?),...)

with structure morphisms given by the ¢, morphisms.
We can now take the Suslin simplicial construction of each motivic space of the
spectrum Frpa p(X) to form a P!-spectrum

Mpri (X) = (CoFr(—, X),CuFr(—, X x T),Co Fr(—, X x T?),...)

with structure maps defined by C,(0,,)-s. Recall that for every n > 0, C. Fr(—, X x
T") = Fr(A® x —, X x T"). Here A® is the cosimplicial object taking k to
Spec(k[to, S ,tk}/(to + o+t — 1)) in Sm/k

There is a canonical morphism of P'-spectra

o EI%?X-F — MP/\l(X)

given by the section idx € Fro(X, X) (recall that a morphism from the suspension
spectrum of a variety X € Sm/k to any other spectrum is fully determined by a
section of the zeroth motivic space of the spectrum at X).

By [14, 2.7] the category of simplicial Nisnevich sheaves on Sm/k has the injec-
tive local model structure with cofibrations monomorphisms and local weak equiv-
alences. Take a fibrant replacement C.Fr(—, X x T™); of every motivic space
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C.Fr(—,X x T™) within the injective local model structure. We then arrive at a
P'-spectrum

Mpri (X)f = (CoFr(—, X) 4, CuFr(—, X x T) 4, CuFr(—, X x T?)y,...).
Notice that Mpa1(X)y is a fibrant replacement of the P'-spectrum Mpa: (X) within
the level injective local model structure of P*-spectra. Let

iy EI%?X+ — M]p/\l(X) — Mpn1 (X)f

denote the composite morphism.
A motivic counterpart of the Segal theorem says:

Theorem 4.1. Let k be an infinite perfect field. Then the following statements are
true:
(1) The morphism sy : B33 X — Mpn1(X) ¢ is a stable motivic equivalence of
P! -spectra.
(2) The Pl-spectrum Mpni(X) is a motivically fibrant Q-spectrum in positive
degrees. This means that for every positive integer n > 0, each motivic
space Cy(Fr(—, X xT™))y is motivically fibrant in the Morel-Voevodsky [18]
motivic model category of simplicial Nisnevich sheaves. Furthermore, the
structure map

Ci(Fr(—, X xT")y = Qp (Co(Fr(—, X x T”H))f)
is a weak equivalence schemewise.

We shall also extend Theorem [4.1] to directed colimits of simplicial schemes
(see Theorem [I0.T)). The next two corollaries are immediate consequences of the
preceding theorem.

Corollary 4.2. Let k be an infinite perfect field. Then for any positive integer
m > 0 the natural morphism of P*-spectra

gt B (Xp AP — Mpar (X x T™) g i= (CuFr(—, X x T™) 5, Cu Fr(—, X x T™ 1), )
is a fibrant replacement of the suspension P*-spectrum Y2 (X4 APA™) in the stable
motivic model structure of P1-spectra in the sense of Jardine [15].

Given a P'-spectrum FE, let £ be an Q-spectrum stably equivalent to E. By
O3 (E) we mean the zeroth motivic space & of £. If E = XX is the suspension
P'-spectrum of a pointed motivic space X, we shall write QX8 (X) to denote
O (E).

Corollary 4.3. Let k be an infinite perfect field. Then for any positive integer
m > 0 the natural morphism of motivic spaces

Co(Fr(X x T™)) — QXX (X4 AP™)
is a stalkwise weak equivalence for the Nisnevich topology. In particular, for any
field extension K/k the natural morphism of simplicial sets
Fr(A%, X xT™) — Q%X (X4 APV (K)
is a weak equivalence.
The proof of Theorem [4.1]is lengthy and is postponed. Although it states some-
thing for motivic spaces, the main strategy to prove it is to use the machinery of

framed motives introduced and studied in this paper. By definition, the framed
motive of a variety or a sheaf is a S'-spectrum of simplicial Nisnevich sheaves, and
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hence may have nothing to do with Theorem [4.1] at first glance. But this is not the
case! It is the theory of framed motives that allows us to prove Theorem [4.1]

The proof also depends on a theorem of [§] (complemented by [3] in characteristic
2) about homotopy invariant presheaves with framed correspondences and further
two papers [L,9], in which the Cancellation Theorem for framed motives of algebraic
varieties is proved and framed motives of relative motivic spheres are computed.

5. FRAMED MOTIVES

As we have mentioned above, framed motives give the main technical tool to
prove Theorem [4.1] Before introducing them, we fix the following useful

General Framework. Let (V,®) be a closed symmetric monoidal category and
let C be a bicomplete category which is tensored and cotensored over V. Then for
every V € V and X € C there are defined objects V@ X, X ® V, Hom(V, X) of C.
They are all functorial in V' and X. Moreover, for every morphism u : V' — V' in
V the square

(5.1) X Y Hom(V, X ®V)
®V’J{ lu*
Hom(V', X @ V') ———— Hom(V, X @ V')

is commutative.

As an important example, one can take V to be the category (sShve(Sm/k),A)
of Nisnevich sheaves of pointed simplicial sets and one can take C to be either
5Shve(Sm/k) or the category of Sl-spectra of simplicial Nisnevich sheaves.

Another example is the category (Fro(k), X, pt) and the category Fr (k). The
functor

Fry(k) x Fro(k) = Fry(k)
takes (X,Y) to X x Y.

Let I'°P be the category of finite pointed sets and pointed maps. Its skeleton has
objects n™ = {0,1,...,n}. We shall also regard each finite pointed set as a pointed
smooth scheme. For example, we identify n™ with the pointed scheme (LI} Spec k)
with the distinguished point + corresponding to 0 € n*. Note that 07 = 0,. A
I'-space is a covariant functor from I'°P to the category of simplicial sets taking 0%
to a one point simplicial set. A morphism of I'-spaces is a natural transformation
of functors. A T'-space X is called special if the map X ((k+1)*) — X (k™) x X(I1)
induced by the projections from (k+1)" = kT VIt to kT and [T is a weak equivalence
for all k and I. X is called very special if it is special and the monoid 7o (X (1)) is
a group.

In what follows we shall regard I'°P as a full subcategory of sShve(Sm/k) by
means of the identification K € T'°P with the pointed scheme (Spec kL. . .USpec k),
where the coproduct is indexed by the non-based elements in K.

By the General Framework above, for every F,G € sShve(Sm/k) the association

KeTl?— HomsShU.(Sm/k)(}',g A K)

gives rise to a I'-space, where the right hand side is regarded as a discrete simplicial
set. In particular, if 7 = X, AP and G = HAT"™ with X € Sm/k, H €
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sShve(Sm/k), we have that the association
K e T — Fro(X,H AN K) :=Homggpy, (sm/k)( Xy AP HAT ANK)
is a I'-space. Taking the colimit over n, we get that
K el — Fr(X,HAK) = colim, (Fr,(X,H A K))

is a I'-space as well.

Using the geometric description of framed correspondences for H = Y., Y €
Sm/k, the I'-spaces K € I'°? — Fr, (X, HAK) and K € TP — Fr(X,HAK) can
equivalently be defined as

KeTl®— Fr (X, Y®K) and Fr(X,Y ®K)

respectively. Here Y ® K :=Y U...UY with the coproduct indexed by the non-
based elements in K. Observe that § ® K = () and X ® * = (). These I'-spaces are
functorial in X and Y in framed correspondences of level zero. The second I'-space
is furthermore a framed functor in X.

Definition 5.1. We define a category SmOp(Fro(k)), which will often be used in
our constructions. Its objects are pairs (X,U), where X € Sm/k and U C X is
an open subset. A morphism between (X,U) and (X',U’) in SmOp(Fro(k)) is a
morphism f € Fro(X, X’) such that f(U) C U’. We shall also identify X € Sm/k
with the pair (X, 0) € SmOp(Fro(k)).

The category SmOp(Fro(k)) is symmetric monoidal with the monoidal product

A given by

(X, U)ANY, V) =X xY, X xVUUXY).
The point pt is its monoidal unit. Also, by (X,U) U (Y, V) we shall mean (X U
Y, UUV).

Let A°*SmOp(Fro(k)) be the category of simplicial objects in SmOp(Fro(k)).
There is an obvious functor spc : SmOp(Fro(k)) — Shve(Sm/k) sending an object
(X,U) € SmOp(Fro(k)) to the Nisnevich sheaf X/U. Observe that this functor is
a strict symmetric monoidal functor. It induces a functor

spe: A°SmOp(Fro(k)) — sShve(Sm/k),
taking an object [n] — (Y, U,) to the simplicial Nisnevich sheaf [n] — (Y,,/U,).
Given Y € SmOp(Fro(k)) there is a I'-space
Kel"— Fr(X,)Y ® K) := Fr(X, spe(Y) ® K).
Notice that the right hand side has an explicit geometric description thanks to

Voevodsky’s lemma.

Definition 5.2.

(1) The framed motive M,.(G) of a pointed Nisnevich simplicial sheaf G is the
Segal S'-spectrum (C.Fr(—,G), CoFr(—,GASY), CoFr(—,GAS?),...) associated
with the I'-space K € I'P — C. Fr(—,GAK) = Fr(AS A—,GAK). More precisely,
each structure map

C.Fr(=,GAS™ NS = C.Fr(—,GAS™

is given as follows. For any r and m, it coincides termwise with the natural mor-
phisms

\/ Fr(A A =G AS™) = Fr(A} A=, \/(GAS™),
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where coproducts are indexed by non-basepoint elements of S = n™.

(2) The framed motive M, (Y) of Y € A°®SmOp(Fry(k)) is the framed motive
M, (spe(Y)). 1t is the Segal S'-spectrum (C.Fr(—,Y),C.Fr(—Y ® S'),...)
associated with the T'-space K € TP — C . Fr(—, Y @ K) = Fr(A®* x - Y ® K).

(3) In particular, by the framed motive My (Y) of a smooth algebraic variety
Y € Sm/k we mean the framed motive of (Y, ) € SmOp(Fro(k)).

Remark 5.3. (1) We should point out that it is framed motives M, (Y'*) of simplicial
k-varieties which are used to construct the functor My, : Hpi1(k) = SHgi(k) in
Section [111

(2) Framed motives of pointed Nisnevich simplicial sheaves are not suitable for
constructing such a functor. In particular, we do not expect that the functor
G — M,.(G) from Definition [5.2(1) preserves motivic equivalences. Therefore we
do not expect that for a general motivic space G the value of the functor My, at
G constructed in Section [[1 has the stable motivic homotopy type of M¢,(G) from
Definition [5.2(1).

(3) Tt is for this reason that the main result of [9] stating that the natural
motivic equivalence X x (A'//G,,)"™ — X x T™ of motivic spaces induces for any
n > 1 a motivic equivalence (and even a level Nisnevich local weak equivalence)
My (X x (AY))Gp)™) ~ My (X1 AT™) of S'-spectra is not obvious at all. Here
A'//G,, stands for the simplicial object in Fro(k) which is obtained by taking the

pushout of the diagram G,, <> A' < G,, ® I in A°PFrq(k), where (I,1) is the
pointed simplicial set A[1] with basepoint 1 (we also refer the reader to Section[g]).

In other words, the framed motive of the sheaf X A T™ is computed as the
framed motive of the associated simplicial scheme. This result is necessary to prove
Theorem 4.1 It is also of independent interest.

(4) More generally, we can raise a problem asking for which motivic spaces G
the framed motive M ,.(G) from Definition [5.2(1) is isomorphic in SHg: (k) to its
image under the functor My, : Hy1 (k) — SHg1 (k) constructed in Section [L1]

(5) However, the functor My, : A°P(Fro(k)) — Spgi(k) does preserve motivic
equivalences (see Corollary [11.6]).

(6) Framed motives of the form My, (Y) with Y € A°®SmOp(Fro(k)) are of
great utility in proving Theorem [4.1}

(7) The framed motive My,.(Y) or My,(G) is a symmetric semistable S'-spec-
trum, because it is the value of the I'-space C, F'r(—,Y) or C.Fr(—,G) at the sphere
spectrum S = (59, S, 52,...).

Our next goal is to show that the framed motive My, (Y'), Y € A°®* SmOp(Fro(k)),
is a positively fibrant Q-spectrum. To this end we need to prove the “Additivity
Theorem”.

6. ADDITIVITY THEOREM

In this section we prove the Additivity Theorem. It is reminiscent of the Addi-
tivity Theorem in algebraic K-theory. We shall use it to produce special I'-spaces in
the sense of Segal [20] for associated motivic spaces with framed correspondences.
In particular, Segal’s machine then implies that the framed motive of a variety or,
more generally, Y € A°®SmOp(Fry(k)) is a positively fibrant S!-spectrum. This
means that it is sectionwise an (2-spectrum in positive degrees.
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Following [24] for any X € Sm/k denote by m the explicit correspondence from
X to XUX with U = (A' = {0} UA — {1})x, p = (t — 1) Ut, where t : AL, — X
is the projection and g : (A' — {0} UA' — {1})x — X U X. For any framed functor
F it defines a map

F(X) x F(X) = F(XUX) ™5 F(X).

Definition 6.1. Let F and G be two presheaves of sets on the category of k-smooth
schemes and let g, 1 : F = G be two morphisms. An A'-homotopy between g
and ¢ is a morphism H : F — Hom(A!,G) such that Hy = ¢o and H; = ;.
We write ¢o ~ ¢ if there is an A'-homotopy between ¢g and ¢;. We say that
0o, 0n ¢ F = G are A'-homotopic, if there is a chain of morphisms 1, ..., ¢, such
that ®i ~ Pit+1 for i = 0, 1, ey U — 1.

We now want to discuss matrix actions on framed correspondences and A'l-
homotopies associated to them. Let Y be a k-smooth scheme and let A € GL,, (k) be
amatrix. Then A defines an automorphism w4114, : Frntm(—,Y) = Frpim(—,Y)
of the presheaf F'r, 1, (—,Y) in the following way. Given W € Sm/k and an explicit
framed correspondence of level n

=AY LU U—A g:U—=Y)EFrom(X,Y),
set va1714, () = ((ALIdy)op, (ALIdy,)op, g). Within the notation of Remark[2.2]

©AL1d, (Z,U, (01,02, s Pnym): 9)) =
= ((AJ-Idm)(Z)7 U7 (AJ-Idm) © (‘ph P25y Qoner)vg)v

where A1 1Id,, is a linear automorphism of AZ'H”. In more detail, if (U, A% &£
U,s: Z — U) is an étale neighborhood of Z in A}+m, then we take

ntm  (ALTdy)o _
(U, At LA 1o (A LTdy) " (a1 ra,(z)) | (ALIdR)(Z) = U)

as an étale neighborhood of (ALId,,)(Z) in A?g”m. Clearly, 00w a1 1d,, =@ALIdp1 ©
0. Hence the maps @414, give rise to a unique automorphism of presheaves on
Sm/k

(6.1) oa: Fr(=Y)—= Fr(-,Y)
such that for any m > 0 one has apA\Frner(,’y) = YAlid,,-

Definition 6.2. Let A € SL, (k). Choose a matrix A; € SL,,(k[s]) such that Ay =
id and A; = A. The matrices As LId,, € SLpim(k[s]), regarded as morphisms
Antm o Al 5 A" give rise to an Al-homotopy h between the automorphisms id
and ¢4 of Fr(—,Y) as follows. Given a = (Z,U, (91,92, s ©n+m),9) € Fro(—,Y),
one sets

h(a) = (Z x AY,U x A', (A, LId,,) 0 (¢ x idg1),gopry) € Fro(W x ALY).
In this way we get a morphism h : Fr(—,Y) — Fr(— x A'Y) such that hy = id
and h; = 4. We see that h is an A'-homotopy between the identity and 4.

Definition 6.3. Let 7 € ¥,, be an even permutation regarded as a matrix in
SL, (k). Let As € SLy(k[s]) be such that Ag = id and A; = 7. Then the morphism
h from Definition [6.2] defines an A'-homotopy between the automorphisms ¢;q and
oy of Fr(—,Y).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



FRAMED MOTIVES OF ALGEBRAIC VARIETIES 279

We are now in a position to prove the Additivity Theorem. The category
SmOp(Fro(k)) was introduced in Definition 5.1l Given a simplicial object Y of
SmOp(Fro(k)), by CoFr(—,Y) we mean as usual the diagonal of the bisimplicial
presheaf (m,n) — Fr(A™ x —Y,).

Theorem 6.4 (Additivity). For any two simplicial objects Y1, Ys in SmOp(Fro(k)),
the natural map o : Fr(—, Y1 UYs2) — Fr(—,Y1) x Fr(—,Y2), given by the mor-
phisms idUQ : Y1 UYy — Y1,0Uid : Y7 UYy — Y, induces a map of simplicial
framed presheaves

Ci(a) : O Fr(—,Y1UYs) = C.Fr(—, Y1) x C.Fr(—,Y2),
which is a schemewise weak equivalence.

Proof. Since the realization functor takes simplicial weak equivalences of simplicial
sets to weak equivalences, it is enough to prove the theorem for any objects Y7, Y5
in SmOp(Fro(k)). Moreover, it is sufficient to prove that for any X € Sm/k and
any finite unpointed simplicial set K, the map

C.()(X,K) : [K,C.Fr(X,Y, UYs)] — [K, C,Fr(X,Y1) x C,Fr(X,Ys)]

between the Hom-sets in the homotopy category Ho(sSets) of unpointed simplicial
sets is a bijection. Furthermore, for the simplicity of the exposition we shall assume
that Y7, Y5 are just k-smooth varieties. Let Y = Y; UY5. Define a morphism

B:Fr(—Y1) x Fr(—,Y2) = Fr(-,Y)

of presheaves on Sm/k by the following commutative diagram:

Fr(X, Y1) x Fr(X,Ys) —— 5 Fr(X,Y)

(i1)*><(i2)*l

Fr(X,Y) x Fr(X,Y)

<j1>*x<j2>ﬁu .
m
Fr(XUX,Y)

Here i, : Y. = Y, e = 1,2, is the corresponding embedding.

We claim that the map (8&)|py,, (—,v) is A'-homotopic to the inclusion ing,, :
Fron(=Y) — Fr(=,Y) and (af)|pr,, (=, v1)x Fron(—,Ys) 18 Al-homotopic to the
inclusion

inc%n X incgn s Fron(—,Y1) X Frop(—,Y2) = Fr(—,Y1) x Fr(—,Ys).

The first of these Al-homotopies will imply that C,(3) o Cy(a) C.(Fran(—,Y)) 18 sim-
plicially homotopic to the inclusion C,(ing,), because Ci(—) converts A'-homo-
topies into simplicial ones. The second of these A'-homotopies will imply that
(Ci(a) 0 Cu(B))] . (Fron(=,¥1)x Cu (Fran(—,v1)) is simplicially homotopic to the inclu-
sion C,(inck, x incd,). It will follow that for any X € Sm/k and any finite
simplicial set K the map C.(«)(X, K) is bijective. Indeed, one should use the
fact that the functor [K,—] : Ho(sSets) — Ho(sSets) commutes with sequential
colimits whenever K is finite. It therefore remains to prove the claim.
Firstly, let us focus on the morphism «f3. The map af is of the form

p1 X p2: Fr(X, Y1) x Fr(X,Y2) = Fr(X, Y1) x Fr(X,Ys).
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Here p; takes a framed correspondence (71, Wl,g(l);gl) of level n to the framed
correspondence (0 x Z1, Al x Wl,tl,f(l);gl) of level n + 1, and ps takes a framed
correspondence (Z27W2,£(2);92) of level n to the framed correspondence (1 x
Zy, AV x Wa,tg — 1,0®); go) of level n + 1. We first observe that the morphism
p2 is Al-homotopic to the morphism 09 1 Fr(—,Y3) — Fr(—,Y3) taking a framed
correspondence (ZQ,W2,£(2);Q2) of level n to the framed correspondence (0 x
Zo, A x Wa, tg, 9?; g2) of level n+ 1. To see this, send a framed correspondence
(Za, W, £(2); g2) of level n to the framed correspondence

(A % Zo, A x AL x W, tg — A, @5 g5)

of level n + 1. Evaluating the latter framed correspondence at A = 1, we get
p2(Za, Wa, g(z); g2). Evaluating the same framed correspondence at A = 0, we get
(0 X Z27A1 X Wg,to,f(z);gg).

Let n > 0 be an even integer and let 7 € ¥,,11 be the even permutation (n +
1,1,2,...,n). Let hy denote the associated A'-homotopy from Definition[6.3]between
the automorphisms ;4 and ¢, of Fr(—,Y;). Then hy oincl is an Al-homotopy
between incy, and ¢; o inch = pi|pr,(—vy) @ Fro(— Y1) — Fr(—=Y1). Let hy
be the associated A'-homotopy from Definition [6.3] between the automorphisms
via and @, of Fr(—,Y3). Then hg o inc% is an A'-homotopy between inci and
wToinc% = p(2)|F7“n(*7Y2) : Fr’ﬂ(_7 YVQ) — FT(_7 YVQ) Thus (O‘ﬁ)|FT2n(*,Y1)><FT’2n(*,Y2)
is A'-homotopic to the inclusion inc}, x inc3,.

Next, let us focus on the morphism Sa. Since Y = Y; UYs every framed cor-
respondence of level n from X to Y is of the form a = (Z; U Zy, W7 U W, <p(1) U

2(2);91 LI g2). One has,
ﬁa(a) = (0 x Z1uUlx ZQ,Al x W1 LA x VVQ)7 (t07£(1)) Ll (tO _ 17£(2));91 |—|92).

Firstly, the morphism Ba is Al-homotopic to the morphism p° : Fr(—,Y) —
Fr(—,Y) taking a framed correspondence (Z, W, ¢; g) to the framed correspondence
(0x Z, At x W, to, ¢; g2) of level n + 1. To see tl?is, send a framed correspondence
a=(Z1UZy, W1 U Wg,f(l) L f(z); g1 U g2) of level n to the framed correspondence
of level n + 1

(AY X Zy UA X Zy, A x A x (W1 UWa), (to, M) U ((tg — A), @) 91 LU ga).

Evaluating the latter framed correspondence of level n 4+ 1 at A = 1, we get Sa(a).
Evaluating the same framed correspondence A = 0, we get p’(a). Furthermore,
using the associated homotopy from Definition [6.3] we see that pU| Fron(—,Y) 18
A'-homotopic to the inclusion ins,. Hence Bl pry, () 1s A'-homotopic to the
inclusion ing,, as was to be proved. |

Now the Additivity Theorem [6.4] together with the Segal machine [20] imply the
following

Theorem 6.5. Let Y € APSmOp(Fro(k)). Then the I'-space K € TP
C.Fr(—,Y ® K) is sectionwise special. As a consequence, the framed motive
M (Y) of Y is sectionwise a positively fibrant Q-spectrum, which is sectionwise
(respectively locally in the Nisnevich topology) an Q2-spectrum whenever the motivic
space CL F'r(—,Y) is sectionwise (respectively locally in the Nisnevich topology) con-
nected.
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Remark 6.6. Whenever we say that My,.(Y) is a (positively) fibrant Q-spectrum
we tacitly assume that each of its spaces C.Fr(—,Y ® S™) is replaced with the
space Ex>(C.Fr(—,Y ® S™)), where Fxz> refers to Kan’s complex. The spaces
Ex>(C.Fr(—,Y ® S™)) are then spaces with framed correspondences and section-
wise fibrant simplicial sets. A detailed description of the spaces will be given in
Section [[2l We can equally take any naive sectionwise fibrant resolution functor
in the category of spaces with framed correspondences (which exists by standard
arguments) in place of Ex*.

It is worth mentioning that the latter theorem is a kind of the “Cancellation
Theorem for framed motives in the S!-direction” (the meaning of this will become
clear in the proof of Theorem [.1[2)). One should also stress that the motivic
spaces C, F'r(—, X x T™); from Theorem 1] are zero spaces of sheaves of S'-
spectra My, (X x T™); (these are level local Nisnevich replacements of the framed
motives My, (X xT™)). So each space C,.Fr(—, X xT™); is part of the S'-spectrum
Mfr (X X T")f.

If we can prove that each S'-spectrum My,.(X x T™), n > 0, is motivically
fibrant, then each space C.Fr(—, X x T™); becomes motivically fibrant (what is
claimed in Theorem [4.1]). Therefore our next goal is to investigate these kinds of
fibrant motivic spaces coming from relevant S!-spectra in more detail.

7. FIBRANT MOTIVIC SPACES GENERATED BY S!-SPECTRA

Let sShve(Sm/k) denote the category of Nisnevich sheaves of pointed simplicial
sets. It has the injective model structure [14] in which cofibrations are the monomor-
phisms and weak equivalences are stalkwise weak equivalences of simplicial sets.
The category of S'-spectra Spgi (sShve(Sm/k)) associated with sShuve(Sm/k) will
also be called the category of ordinary S*-spectra of simplicial Nisnevich sheaves. It
has level and stable model structures (the standard references here are [12,[15]). In
this section we describe a class of motivic spaces coming from ordinary S!-spectra
of simplicial Nisnevich sheaves, which are fibrant in the motivic model category
3Shve(Sm/k)mot of Morel-Voevodsky [18]. This class occurs in our analysis. Re-
call that sShve(Sm/k)mot is obtained from sShve(Sm/k) by Bousfield localization
with respect to the projections p : X x A — X, X € Sm/k. As above, the
level /stable model category of S'-spectra associated with sShve(Sm/k)mer will
also be called the level/stable injective model category of S*-spectra.

Proposition 7.1. Let E be an S*-spectrum in the category of simplicial Nisnevich
sheaves such that each space E, € sShve(Sm/k) of the spectrum is fibrant in
sShve(Sm/k). Suppose E is sectionwise an Q-spectrum in the category of ordi-
nary Sl-spectra of pointed simplicial sets. Suppose E is locally (—1)-connected in
the Nisnevich topology. Finally suppose that for any integer n, the Nisnevich sheaf
7S(E) is strictly homotopy invariant. Then the following statements are true:

(1) every motivic space E,, of E is motivically fibrant;

(2) E is fibrant in the stable injective motivic model structure of S*-spectra.

Proof. (1). Since E is sectionwise an (-spectrum, every E,, n > 0, is sectionwise
fibrant. Therefore it suffices to prove that F, is A'-local. So we have to check
that for any smooth variety X the projection p : X x A! — X induces a weak
equivalence of simplicial sets p* : E,(X) — E,(X x A'). Since E is sectionwise an
Q-spectrum it suffices to check that the pull-back map p* : E(X) — E(X x A!) is
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a stable equivalence of ordinary S'-spectra. So it is sufficient to verify that for any
integer r the map p* : 7. (E(X)) — 7.(E(X x A')) is an isomorphism. Consider
two convergent spectral sequences

HY, (X, 72%(B)) = my_p(B(X)) and

q
HY, (X x Al 7l(E)) = my_p(B(X x A1)).

The projection p induces a pull-back morphism between these two spectral se-
quences. This morphism is an isomorphism on the second page, because each
Nisnevich sheaf 71%(E) is strictly homotopy invariant by assumption. Hence p* :
m-(E(X)) = m-(X x A!) is an isomorphism. Assertion (2) easily follows from
assertion (1). O

We refer the reader to [25] for the notion of radditive presheaves. Below we shall
need the following

Lemma 7.2. Let F be a radditive framed presheaf of Abelian groups. Then the as-
sociated sheaf in the Nisnevich topology has a unique structure of a framed presheaf
such that the map F — Fyis is a map of framed presheaves.

Proof. This is proved in [24] 4.5]. O

Remark 7.3. We should stress that [24] 4.5] used in the proof of the preceding
lemma is not true unless F' is radditive.

Corollary 7.4. Let k be an infinite perfect field and E be an S'-spectrum of sim-
plicial Nisnevich sheaves with framed correspondences. Suppose E is locally an
Q-spectrum in the Nisnevich topology. Suppose it is (—1)-connected locally in the
Nisnevich topology. Finally, suppose that for any integer n the Nisnevich presheaf
7 (E) is homotopy invariant, quasi-stable and radditive. Let E — Ef be a fi-
brant replacement of E in the level injective model structure of ordinary sheaves of
Sl-spectra. Then the following statements are true:

(1) each motivic space EJ is motivically fibrant;
(2) the spectrum EY is fibrant in the stable injective motivic model category of
S1-spectra.

Proof. The Nisnevich presheaf 7, (F) is a radditive framed presheaf. Hence the
associated Nisnevich sheaf 7%(E) is equipped with a unique structure of a framed
presheaf such that the canonical morphism 7, (E) — 72%(E) is a morphism of
framed presheaves by LemmalZ.2l By [8] 1.1] (complemented by [3] in characteristic
2) the Nisnevich sheaf 72%(E) is strictly homotopy invariant, and hence so is the
Nisnevich sheaf 725(Ef) of Ef. Our statement now follows from the previous

proposition. O

Corollary 7.5. Let k be an infinite perfect field and let Y be a simplicial object
in SmOp(Fro(k)). Suppose the simplicial Nisnevich sheaf C. Fr(Y') is locally con-
nected in the Nisnevich topology. Let M. (Y) — M. (Y)s be a fibrant replacement
in the level injective model structure of ordinary sheaves of S'-spectra. Then.:

(1) Mg (Y)s is fibrant in the stable injective motivic model category of S*-
spectra;

(2) for any n >0 and any fibrant replacement Cy.(Fr(—,Y®S5™)) — C(Fr(—,Y®
S™)) ¢ in sShve(Sm/k), the space C(Fr(—,Y®S™))y is fibrant in sShve(Sm/k)mot-
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Proof. The zeroth space C,. F'r(—,Y) of the framed spectrum M, (Y) is locally con-
nected. Hence the framed spectrum My, (Y) is locally an Q-spectrum by the Segal
machine [20] and Theorem [6.5] The presheaves 7, (My,(Y')) are homotopy invari-
ant, quasi-stable and radditive framed presheaves. Corollary [Z.4] implies assertion
(1). To prove the second one, note that any two fibrant replacements of C\ F'r(Y)
in sShve(Sm/k) are sectionwise weakly equivalent. Hence Corollary [T.4[1) implies
the second assertion. ]

Under the notation of the preceding corollary we can now prove the following

Corollary 7.6. Let k be an infinite perfect field. Then the following statements
are true:

(1) For any integer n > 0, the S'-spectrum My, (X x T™) s is motivically fibrant
and the motivic space C. F'r(X x T™) is motivically fibrant.

(2) For any integer n > 0, the S'-spectrum My, (X x T™ x G)} @ Sty is
motivically fibrant and the motivic space C\.(Fr(X x T™ x G)! @ S1)); is
motivically fibrant.

(3) For any integer n > 0, the St-spectrum My.(X x T™ x (A'//G,,)) s is
motivically fibrant and the motivic space CoFr(X x T™ x (A'//G,,))y is
motivically fibrant.

Proof. By [9, A.1] the spaces C. F'r(X x T™), C.Fr(X x T™ x (A'//G,,)) of the
corollary are locally connected in the Nisnevich topology. The space C,(Fr(X x
T x G ® S1)) is, moreover, sectionwise connected. Now our assertions follow
from Corollary [7.5] O

We should stress that the previous corollary is of great utility in the proof of
Theorem [4.1]

8. COMPARING FRAMED MOTIVES

One of the key properties of framed motives is that they convert motivic equiv-
alences between certain motivic spaces to Nisnevich local weak equivalences. Some
such motivic equivalences are discussed in this section. Its main result, Theorem[8.2]
is an essential step in proving Theorem 4.1l We start with preparations.

Every category A with coproducts and zero object 0 has a natural action of finite
pointed sets. For example, A = Fro(k) or, more generally, A = SmOp(Fro(k)).
Precisely, if A € A and (K, *) is a finite pointed set, then we set AQK = ALl...LUA,
where the coproduct is taken over non-base elements of K. Clearly, A ® K is
functorial in A and K. Note that A®* =0 and 0 ® K = 0.

This action is extended to an action of finite pointed simplicial sets on the
category A°P A of simplicial objects in A. Let (I,1) denote the pointed simplicial
set A[1] with basepoint 1. The cone of A € A is the simplicial object A ® I in
A. There is a natural morphism 35 : A - A® I in A°? A. Given a morphism
f:A— Bin A, denote by B//;A a simplicial object in A which is obtained from
the pushout in A°P A of the diagram

BLAd AgT

We can think of B//;A as a cone of f. In practice, if A is a subobject of B, we
shall also write B//A to denote the simplicial object B//,A in A with . : A — B
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the inclusion. We have a sequence of simplicial objects in A

AL BB/ A A S

In practice, this sequence is a typical “triangle” of an associated triangulated cat-
egory (see, e.g., the proof of Theorem [R.2).

Notation 8.1.

(1) In the particular example when A = Fro(k) and (X, x) is a pointed smooth
variety, we shall write X! to denote the cone X//x of the inclusion # < X. The
most common example is GA\l given by the pointed scheme (G,,,1). Regarding
A°PFrg(k) as a full subcategory of the symmetric monoidal category
A°PSmOp(Fro(k)), we can take the nth monoidal power of X//x for every n > 0,
which we shall denote by X”". The most common example is G/".

(2) If X is an open subset of Y € Sm/k, we shall denote by (Y//X)"" the

nth monoidal power of Y//X € A°PFry(k). The most common example will be
(A1//Gm)"".

If A= SmOp(Fro(k)) then the symmetric monoidal product on SmOp(F'ro(k))
defined above gives rise to a natural pairing
SmOp(Fro(k)) x A°°Fro(k) = A®SmOp(Fro(k)).
Composing it with the framed motive functor, we get a functor
My, : SmOp(Fro(k)) x A°®Fro(k) — Spsi(sShve(Sm/k)).
Taking pairings of (X x A", X x A" — X x 0) € SmOp(Fro(k)) with A'//G,, €
A°PFrg(k) and G)! @ St € A°PFry(k), we get the framed motives My, (X x T™ x

(A'//Gy,)) and My, (X x T™ x G)! @ S1), respectively.
Consider a commutative diagram in A°P Frg(k)

(8.1) Gm Al A/ /G,

L]

G»,Anl A/\l s AAI//G;\HI

R

G)l 0 Gpl @ S

It induces a morphism of framed motives
Buts : Mp (X x T™ x (A)/Gp,)) = My (X x T" x GOt @ SY), n>0.
The main result of this section is as follows.

Theorem 8.2. Let k be an infinite perfect field. Then the morphism .. is a
stable Nisnevich local weak equivalence of S*-spectra.

We postpone the proof of the theorem. It requires the language of “linear framed
motives”.

Definition 8.3. Let X and Y be smooth schemes. Denote by

o LFry(X,Y) := L[Fr,(X,Y)] = Z[Fr,(X,Y)]/Z - 0,, i.e the free Abelian
group generated by the set F'r,(X,Y’) modulo Z - 0,,;
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o ZF,(X,Y) := ZFr,(X,Y)/A, where A is the subgroup generated by the
elements

(Zl—l Z/7U7 (3017S027 .. 7S0n)7g)
_(Z7 U\Zla (@17@2a .. '7§0n)|U\Z’ag‘U\Z’)_(Z/7 U\Z7 (Qpla§02a .. -a‘Pn)|U\Zag‘U\Z)-

We shall also refer to the latter relation as the additivity property for supports. In
other words, it says that a framed correspondence in ZF,,(X,Y’) whose support is a
disjoint union Z LI Z’ equals the sum of the framed correspondences with supports
Z and Z' respectively. Note that ZF,,(X,Y) is Z[Fr,(X,Y)] modulo the subgroup
generated by the elements as above, because 0,, = 0,, + 0,, in this quotient group,
and hence 0,, equals zero. Indeed, it is enough to observe that the support of 0,
equals () LI § and then apply the above relation to this support.

The elements of ZF,,(X,Y) are called linear framed correspondences of level n
or just linear framed correspondences. 1t is worthwhile to mention that ZF, (X,Y)
is the free Abelian group generated by the elements of Fr,(X,Y) with connected
support.

Denote by ZF, (k) the additive category whose objects are those of Sm/k and
with Hom-groups defined as

Homzp, (1) (X,Y) = @D ZF, (X, Y).
n>=0

The composition is induced by the composition in the category Fr, (k).

There is a functor Sm/k — ZF,(k) which is the identity on objects and which
takes a regular morphism f : X — Y to the linear framed correspondence 1-(X, X x
A%, pryo, f oprx) € ZFy ().

Definition 8.4. Let X,Y,S and T be schemes. The external product from Defi-
nition [2.4] induces a unique external product

ZEN(X,Y) X ZFp(S,T) =2 ZFpym(X x S,V x T)

such that for any elements a € Fr,(X,Y) and b € Fr,,(S,T) one has 1-aX1-b=
1-(a®b) € ZFypm(X x S,Y x T).

For the constant morphism c: Al — pt, we set
Yi=—-K1-{0},Alt,¢c): ZF,(X,Y) = ZF,,1(X,Y)
and refer to it as the suspension.

Definition 8.5. For any k-smooth variety Y there is a presheaf ZF,.(—,Y) on the
category ZF, (k) represented by Y. We also have a ZF,(k)-presheaf

ZF(—,Y) = colim(ZFy(—,Y) Z ZF (=, Y) = -+ S ZF,(-,Y) 2 ---).

For a k-smooth variety X, the elements of ZF(X,Y’) are also called stable linear
framed correspondences. Stable linear framed correspondences do not form the
morphisms of a category.

Remark 8.6. For any X,Y in Sm/k one has ZF.(—, X UY) = ZF.(—,X) &
ZF.(—,Y)and ZF(—, X UY) =ZF(—,X)®ZF(-.,Y).
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For every (Y, Y —S) € SmOp(Fro(k)), ZF,(k)-presheaves ZF,(—,Y/Y — ) and
ZF(—,Y/Y — S) are defined in a similar fashion. Namely, each ZF,(X,Y/Y — 5)
is the free Abelian group generated by the elements of Fr,(X,Y/Y — S) with
connected support. Then we set ZF, (X, Y/Y — S) = @©,50ZF,(X,Y/Y — 5).
Finally, ZF(X,Y/Y —S) is obtained from ZF,(X,Y/Y —S) by stabilization in the
3-direction.

For every Y € A°®*SmOp(F'ro(k)) there is a I'-space

(K, *) € T s ZF(—, (Y)Y — §) ® K).

Definition 8.7. The linear framed motive LM, (Y) of Y € A°?SmOp(Fro(k)) is
the Segal S'-spectrum (CL.ZF(—,Y),C.ZF(—,Y ® S'),C.ZF(—,Y ® S?),...) of
spaces in sShve(Sm/k) associated with the I'-space K € I'P — C.ZF(—,Y®K) =
ZF(A® X —,Y ® K).

Note that LM, (Y) is the Eilenberg-Mac Lane spectrum associated with the
complex of Nisnevich sheaves C,ZF(—,Y) (we often identify simplicial Abelian

groups with their normalized complexes by the Dold-Kan correspondence). There-
fore m, (LM, (Y)) = H.(CLZF(—,Y)).

Proof of Theorem 8.2l Since the spectra Mg, (X x T" x (A'//G,,)) and My, (X x
T x Gﬁ,\ll ®S 1) are sectionwise connected, B, is a stable Nisnevich local equiva-
lence of spectra if and only if this is true of the induced map on homology

Butte : ZMp (X x T™ x (A')/G,)) — ZM (X x T™ x G} @ SY).

Here both linear spectra are defined by taking free Abelian groups of every entry of
M (X xT"x (A')/G,,)) and My, (X xT™ x Gl @S1), respectively. By [9, 1.2] the
latter arrow is schemewise stably equivalent to the map of linear framed motives

Bucve : LM (X x T™ x (A')/G,)) = LM (X x T™ x GM @ S1).

We see that the map of the theorem is a stable Nisnevich local equivalence of spectra
if and only if the morphism of complexes of Nisnevich sheaves

Bucty : CLZLF(—, X x T" x (A'//G,,)) = CLZF(—, X x T" x GN! @ S1)

is a quasi-isomorphism.

Since CLZF(—,Y1 UYs) = CL.ZF(—,Y1) ® C.ZF(—,Y>) for any objects Y1,Ys €
A°PSmOp(Fro(k)), the diagram (8.1I) induces a commutative diagram of triangles
of complexes of Nisnevich sheaves

(8.2)
+
CLZF(X X T™ X Gyp) — > CLZF(X X T™ x A') ——— CL.ZF(X x T™ x (A'//Gp)) —

| | §

n AL n AL n AL AL +
CLZLF(X X T" x G ) — > CLZF (X X T™" x A™) — > CLZF(X X T™ x (A" //G))) —

| | Lo

CLZF(X x T™ x GAL) 0 C.ZF(X x T" x GN @ S') ——

m
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Firstly, we claim that « is a schemewise quasi-isomorphism of complexes of presheaves.
Indeed, we have a map of two triangles of complexes of presheaves

CLZF(X X T™ X G) —— CLZF(X x T™ x GAL) —— CLZF(X x T x (pt @ S1)) ——3

| J +

CLZF(X X T" x A') —— CLZF(X x T" x AMN) — = CLZF(X x T™ x (pt ® S1)) ——

We see that the left square of the diagram is Mayer—Vietoris, hence « is a scheme-
wise quasi-isomorphism of complexes of presheaves.

Secondly, we claim that 3 is a local quasi-isomorphism of complexes of Nisnevich
sheaves. This is equivalent to showing that the complex C,ZF(—, X x T™ x AM)
of diagram (8.2)) is locally quasi-isomorphic to zero. To prove the latter, consider a
map of two triangles of complexes of sheaves

CLZF(X % T™ X pt) — CoZF(X x T™ x Al) ——— 3 CLZF(X x T" x AMN) —

|

CLZF(X x T™ x pt) — CLZF(X x T™ x AY) — CLZF (X x T x A1) /CLZF(X x T™ x pt) -

The cohomology sheaves of the lower right complex are homotopy invariant and
quasi-stable framed presheaves. By [8, 1.1] (complemented by [3] in characteristic
2) these cohomology sheaves are strictly homotopy invariant. The terms of this
complex are contractible sheaves. Now the proof of [22] 1.10.2] yields the local
acyclicity of the complex. It follows that the complex C,ZF(—, X x T" x AM)
is locally acyclic, and hence f is locally a quasi-isomorphism. This completes the
proof of the theorem. O

In fact, the proof of Theorem [8.2] also shows the following fact.

Corollary 8.8. Suppose k is an infinite perfect field. Then for every n > 0 and
X € Sm/k, the natural maps My, (X x T™ x AY) — M.(X x T™) and LM (X x
T™ x AY) — LMy, (X x T™) are stable local weak equivalences of S*-spectra.

Let us take the nth power (Ba)"" : (A'//G,,)"" — (GA! ® S1)™ of the mor-
phism Sa in the symmetric monoidal category A°PSmOp(Fro(k)). Below we shall
also need the following

Corollary 8.9. Suppose k is an infinite perfect field. For every n > 1 and X €
Sm/k, the map (Ba)i™ : CoFr(—, X x(AY//G,,)"") — C.Fr(—, X x (GA\l®S1)"")
is a local Nisnevich weak equivalence of motivic spaces.

Proof. The space C.Fr(—, X x (G)\l ® S')"") is plainly sectionwise connected.
By [9) A.1] the space C.Fr(—, X x (A'//G,,)"") is locally connected. Therefore
My (X x (G)l®S1) ™) is sectionwise an Q-spectrum and My, (X x (A'//G,) ") is
locally an Q-spectrum by Theorem [6.5] Therefore our assertion would follow if we
showed that the map (Ba))™ : My (X x (A'//Gp)"™) = Mp (X x (G)! @ ST)A™)
is a local Nisnevich weak equivalence of S'-spectra. The latter follows by using
induction in n, Theorem [B.2] and the fact that the realization of Nisnevich local
weak equivalences is a local Nisnevich weak equivalence. O

We finish the section by proving the following useful result.
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Theorem 8.10. Suppose k is an infinite perfect field. For every n > 0 and every
elementary Nisnevich square

the square of S'-spectra

M (U’ x T™) —— M (X' x T")

| |

My (U x T") —— M. (X x T™)

is homotopy cartesian locally in the Nisnevich topology. The same is also true for
linear framed motives.

Proof. Since we deal with connected S'-spectra, the proof of Theorem [8.2] shows
that it suffices to verify our statement for linear framed motives. It follows from
the proof of [24] 4.4] that the sequence of presheaves

0 — ZF,(—, U xT™) = ZF,(—, U x T") ®ZF,(—, X' x T") = ZFy(—, X xT™) — 0

is locally exact for every s > 0. Passing to the colimit over s, the sequence of
presheaves

0= ZF(—=,U xT") - ZF(—,UxT")®ZF(—, X' xT") - ZF(—, X xT") = 0
is locally exact as well. It follows that the sequence of Eilenberg—Mac Lane spectra
EM(ZF(—,U' xT")) - EM(ZF(—,U x T")) x EM(ZF(—, X' x T"))
— EM(ZF(—, X xT"))
is locally a homotopy fibre sequence. Therefore the sequence
(8.3) LMy (U xT") — LM (U xT™) x LM (X" X T") — LM (X x T™)

is a homotopy fibre sequence in the motivic model structure of S'-spectra, and
hence so is the sequence

LMfT(U/ X Tn)f — LMjT(U X Tn)f X LMfr(X, X Tn)f — LMfT(X X Tn)f,

where “f” is as in Corollary [T.4l Tt follows from Corollary [.4] that the latter se-
quence is a sequence of fibrant objects in the stable injective motivic model structure
of Sl-spectra. Therefore this sequence is also locally a homotopy fibre sequence,
and hence so is the sequence (8.3]). O

9. PROOF OF THEOREM [4.1]

In this section we prove Theorem Il We first give a proof for the second
statement of the theorem and then a proof for the first statement.
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9.1. Proof of Theorem [4.1(2). Recall that A € sShve(Sm/k) is finitely pre-
sentable if the functor Homggpy, ($m k) (A, —) preserves directed colimits. Using
the General Framework on p. 275l for every A, L € sShve(Sm/k) with A finitely
presentable there is a canonical morphism in sShve(Sm/k)

C.Fr(L) — Hom(A, C.Fr(L A A))

as well as a canonical morphism of ordinary S'-spectra of simplicial Nisnevich
sheaves

(9.1) My (L) — Hom(A, My (L A A)).
These induce morphisms of spaces and S!'-spectra respectively:
aa: C.Fr(L)y — Hom(A,C,. Fr(L A A)y)

and

o ./\/lfr(L)f — HO_m(A,MfT(L AN A)f).
Here C . Fr(L)s (respectively My,.(L)y) is a Nisnevich local fibrant replacement of
C.Fr(L) (respectively a level Nisnevich local fibrant replacement of My, (L) in the
category of ordinary S'-spectra).

Lemma 9.1. Suppose u : A — B is a motivic weak equivalence in sShve(Sm/k)
between finitely presentable objects such that the induced map u, : Mg (LN A) —
Mg (L A B) is a stable Nisnevich local weak equivalence of spectra. Suppose that
M (L) g, My (LA A) g, My (L AB)y are all motivically fibrant S*-spectra. Then
ag: My (L)y — Hom(A, M. (L A A)y) is a sectionwise stable equivalence if and
only if ap : My, (L); — Hom(B, My.(L A B)y) is.

Proof. The commutative square (5.1) of the General Framework gives rise to a
commutative square

M (L) y ————= Hom(A, M, (L A A) ;)

Hom(B, My, (L A B) ;) —“— Hom(A, My, (L A B);)

By assumption, M, (LA A) ¢, M. (LA B)y are motivically fibrant S'-spectra, and
hence u* is a sectionwise stable equivalence. Since M. (LAA) = M. (LAB)is a
stable Nisnevich local weak equivalence of spectra, it follows that Ms.(L A A)f —
My, (L A B)y is a sectionwise stable weak equivalence of spectra. We see that
the right vertical arrow u, of the square is a sectionwise stable weak equivalence
of spectra. Our statement now follows from the two-out-three property for weak
equivalences. |

Corollary 9.2. Under the assumptions of Lemma Q1] the map of spaces an :
C.Fr(L)y — Hom(A,C,Fr(LAA)y) is a sectionwise weak equivalence if and only
if ag : C.Fr(L); — Hom(B,C,Fr(L A B)y) is.

Lemma 9.3. Suppose u : A — B is a motivic weak equivalence in sShve(Sm/k)
between finitely presentable objects. Suppose that M. (L) s, Ms.(L A B)s are mo-
tivically fibrant S'-spectra. Then the composite map of spaces C,Fr(L)s LN
Hom(B,C.Fr(L A B)y) v, Hom(A, C.Fr(L A B)y) is a sectionwise weak equiva-
lence if and only if ag : My, (L) — Hom(B, M.(LAB)y) is a sectionwise stable
equivalence of spectra.
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Proof. Our assumptions on spectra imply C,Fr(L)s, CiFr(L A B)y are motivi-

cally fibrant spaces. It follows that C,Fr(L); -2 Hom(B,C.Fr(L A B);) ~
Hom(A, C.Fr(LAB)y) is a sectionwise weak equivalence if and only if C.Fr(L); <2
Hom(B,C.Fr(L A B)y) is, because u : A — B is a motivic weak equivalence (re-
call that all spaces in the Morel-Voevodsky model category $Shve(Sm/k)mot are
cofibrant).

Again because of our assumptions on spectra we have that C,Fr(L)s 28,
Hom(B,C.Fr(L A B)y) is a sectionwise weak equivalence if and only if ap :
Mg (L)y — Hom(B, My, (L A B)y) is a sectionwise stable equivalence of spec-
tra. O

We are now in a position to prove the second statement of Theorem [4.1]

Proof of Theorem .1[2). By Corollary [Z.6] for any integer n > 0, the S*-spectrum
M (X x T™)y is motivically fibrant and the motivic space C.Fr(X x T"); is
motivically fibrant. Let u : PM = (P!;00) — T be the canonical motivic weak
equivalence in sShve(Sm/k). It is also given by the framed correspondence of level
one ({0},Al,t) € Fri(pt,pt). By Lemma[0.3] the map

C.Fr(X x T™); — Hom(PM, C.Fr(X x T")y)

is a sectionwise weak equivalence if and only if the map ar : M (X x T™)y —
Hom(T, M (X x T"1)) is a sectionwise stable equivalence of spectra.
Consider the zigzag of motivic weak equivalences

T <l (_7A1//Gm)+ ; (_7G;\nl ® Sl)Jrv

where the right arrow is induced by Sa of the diagram (8.1). By Corollary [7.6]
for any integer n > 0, the S'-spectra M, (X x T™ x Gpl @ SY) ¢, Mg, (X x T™ x
(A'//G,)) s are motivically fibrant and Cy(Fr(X x T" x G) @ S1)) ¢, C.Fr(X x
T™ x (A'//G,,))s are motivically fibrant spaces.

By [9 8.1] M (X x T x (A'//Gy,)) — Mg, (X x T" 1) is a stable Nisnevich
local weak equivalence of spectra. By Theorem B2] My, (X x T™ x (A'//G,,)) —
Mg (X x T™ x G)! ® S') is a stable Nisnevich local weak equivalence of spectra.
By Lemma [0.1] ar : My,.(X x T™) 5 — Hom(T, M, (X x T™1)) is a sectionwise
stable equivalence of spectra if and only if so is the map of spectra agpigs: :
My (X x T"); — Hom((G! @ S")4, My (X x T™ x Gl @ SY) ).

Consider a commutative diagram

04@4}11@)51
Mir(X x (A1 /Gm)™™) g~ Hom((GAL @ §1) 4, My (X x (AL//Gn) ™™ x GAL @ S1))

j« a@y/}]}®sl l

My (X x TP); — 5 Hom((GA! © 81) 4, My (X x T™ x GAL @ 5%) )

Here M;,.(X x (A'//G,,)")s is a stable Nisnevich local fibrant replacement of
ordinary spectra and (A!//G,,)"\" is from Notation[RB.Il It follows from [9, 1.1] that
the left vertical arrow is a sectionwise stable weak equivalence of spectra, hence so
is the right vertical arrow. We see that the lower arrow is a sectionwise stable weak
equivalence of spectra if and only if the upper arrow is. But the upper arrow is
a sectionwise stable weak equivalence of spectra by the Cancellation Theorem for
framed motives of algebraic varieties [Il, Theorem A] and Theorem [6.5] O
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The proof of Theorem [4.12) and Corollary [R.9]also implies the following

Corollary 9.4. Suppose k is an infinite perfect field. For any n > 1, the map
C.Fr(—, X x (A')/G,,)"") — C.Fr(—, X x T") is a local Nisnevich weak equiva-
lence of motivic spaces.

9.2. Proof of Theorem[4.1](1). In this section we finish the proof of Theorem [.11

It remains to show part (1) of the theorem. Denote by Sptp1 (Sm/k) the category
of P'-spectra, where P! is pointed at co. We shall work with the injective stable mo-

tivic model structure on Sptﬂn1 (Sm/k) (see [15] for details). The weak equivalences
in this model category will be referred to as stable equivalences.

We define the fake suspension functor X5, : SptPI(Sm/k) — Sptpl(Sm/k‘) by
(Eélz)n = Z, AP and structure maps

o 1
(S Z,) AP A Sz

where o, is a structure map of Z. The fake suspension functor is left adjoint to
1 1

the fake loops functor Qb, : Spt” (Sm/k) — Spt" (Sm/k) defined by (2%, Z),, =

Op1 Z, = Hom(P!, Z,,) and structure maps adjoint to

Q]pl 3n

Q[Pl zZ, —— Q]pl (Q[pl ZnJrl),
where 7, is adjoint to the structure map o, of Z.
1 1 1
Define the shift functors t : Spt* (Sm/k) — Spt® (Sm/k), s : Spt* (Sm/k) —
SptPI(Sm/k:) by (s2), = Zp41 and (t2), = Z,-1, (t£)o = pt, with the evident
structure maps. Note that ¢ is left adjoint to s.

Define O : SptPl(Sm/k) — SptPl(Sm/k) to be the functor s o Q,, where s is
the shift functor. Then we have a natural map vz : Z — ©2Z, and we define

0%,z on

—1 n
(9.2) ©%Z = colim(Z 2 02 22, 922 iz, gnz Oz, ),
Set nz : Z — ©°°Z to be the obvious natural transformation.

Lemma 9.5. For every P'-spectrum Z the natural map nz : 2 — 02 Z is a stable
motivic weak equivalence.

Proof. The assertion will follow from [12, 4.11] as soon as we find a weakly finitely
generated model structure on pointed simplicial presheaves sPreo(Sm/k) in the
sense of [4] such that its model category of P'-spectra is Quillen equivalent to the
injective stable motivic model structure of Jardine [15]. Such a model structure on
sPreq(Sm/k) is the flasque motivic model structure of Isaksen [13]. The fact that
it is weakly finitely generated follows from [13] 3.10, 4.9, 5.1] and [6], 2.2]. O

We are now in a position to prove Theorem [4.1)(1).
Proof of Theorem I)(1). Let X € sPres(Sm/k) be a pointed motivic space. Con-
sider its suspension spectrum
YRX = (X, X APLX AP ).
We set
S X = (X, XAT, X AT?, .. )
to be the P!-spectrum with structure maps defined by (X AT™)AP! AT, y AT,
where ¢ : P! = T is the canonical motivic equivalence of sheaves.
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Since the smash product of a motivic weak equivalence and a motivic space is
again a motivic weak equivalence, we get a level motivic equivalence of spectra

o:XpX — Xpi X
Let us take the Nisnevich sheaf (X AT™),;s of each space X AT™ of ¥27 . X. Then
we get a P'-spectrum 239 7Anis and a level local weak equivalence of spectra

viXp pX = X8 r s
By Lemma [9.5] the natural map of spectra
N+ Xpi pAnis = OFTpT pXnis
is a stable equivalence.

If we apply the Suslin complex C, to the spectrum ©°°Xp% Ay levelwise, we
get a spectrum C, (0359 ;. Xuis). By [18 2.3.8] the natural map of spectra

0: @OOZ];?’TXMS — C*(GOOE]?»?’TXMS)

is a level motivic weak equivalence. Likewise, the morphism § can be defined for
all spectra, which we will denote by the same letter below.
Denote by

pi=donovoo: X (X) = Ci(OFXE pAnis).

Then p is a stable motivic weak equivalence of P!-spectra.

Suppose & is represented by a smooth scheme X, i.e. X = X, . By construction,
Mpri (X) = C Frpar p(X) (see Section [l). As above, the natural map of spectra
0 : Frpm p(X) = Mpai(X) is a level motivic equivalence. There is a commutative
diagram of P'-spectra

7 (%) p

X
on

E[CEiTXnis E—— C*@oo( [%?)TXnis)

Jcan lc*@‘x’(can)

From p(X) =225 €0 (Frpm o(X))

lg
Meni (X)

with can being the canonical map. We see that s is a stable motivic weak equiv-
alence if and only if can is. Since 7 is a stable motivic weak equivalence by
Lemma [9.5] it follows that can is a stable motivic weak equivalence if and only
if C,©%(can) is.

We claim that C.0(can) is a level local weak equivalence. To show this, we
first present the spectra Frpai p(X) and Mpa:(X) in terms that use the language
of symmetric spectra.

Given a motivic symmetric T-spectrum F, there is a canonical morphism of
symmetric spectra T'A E — E[1], which is defined at each level by the composite
map

TAE, 2 E, AT Epyy 225 By,
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where X, 1 is the obvious shuffle permutation. Then by adjointness we have a
morphism of symmetric T-spectra E — RY(E) := Hom(T, E[1]). It induces a

morphism of Pl-spectra E — R(E) 2, R} (E), where o : PA — T is the

mot

canonical motivic equivalence and R}, ,(F) := Hom(P", E[1]). Set,

> (F) = colim(E — R, ,(E) = R2,,,(E) — ---).

mot mot mot

If we apply Suslin’s construction C, levelwise, we get a Pl-spectrum C, R ,(E).

If £ =YX, with X € Sm/k, then we have that Frpan o(X) = RS, E and
Mprni(X) = C.R2LE.
Fix a number r and consider a two-dimensional sequence

Anm = CoO™ (R (57 X4))r

(here the right hand side is the rth space of the spectrum C,O©" (R ,(Z¥X+)))
with horizontal maps Ay — Apyi1,m induced by O™ — O"+1! and vertical maps
Apm — Ap i induced by R, — R™E To prove the claim, it suffices to show
that the map colim,, A, o — colimy, ,,, A, is a local weak equivalence. Without

loss of generality it is sufficient to prove that for every m,n the map
(9.3) colim,, Agy, 2m — colimy, Aoy, 2m42

is a local weak equivalence.

To prove that (9.3) is a local weak equivalence, let f,, : Aoy om — Aopomt2
be given by the map from the two dimensional sequence above. Define a map
Gn: Aopomy2 — Aantoom as an identification via the associativity isomorphism

A2n,2m+2 — C*Hom(IP’AQ", Hom(}P’/\QerQ, T2n+2m+2+r))
— C*Hom(P/\2"+2, Hom(P/\2m, T2n+2m+2+r)) _ A2n+2,2m~

Then g, f, differs from i, : Aoy 2m — Aont2,2m by the action of an even permu-
tation on P"2"*+2m+2 and an even permutation on T2"*+2m+2+" Thus g, f, and i,
are simplicially homotopic, because the action of an even permutation lifts to the
action of a matrix from a special linear group (see, e.g., Definition 6.3) and using
the fact that A'-homotopies become the usual ones because of Suslin’s complex C,.
We also use here Voevodsky’s Lemma from Section 3. Similarly, f,,+1¢, differs from
Jn t Aznomi2 — Aani22mi2 by the action of an even permutation on P/2nt2m+4
and an even permutation on T2"+2m+4+7  Therefore f, 419, is simplicially homo-
topic to j, for the same reasons as above. Thus the map (9.3) on the colimits is a
local weak equivalence, because it becomes an isomorphism on homotopy sheaves.
This proves the claim.

We have shown that C,©%(can) is a level local weak equivalence. In particular,
it is a stable motivic weak equivalence, and hence so is 7. It remains to observe
that the morphism s is the composition of » and a level local weak equivalence
Mpr1(X) — Mpni(X)s. Therefore s is a stable motivic weak equivalence. This
finishes the proof of part (1) of Theorem (.11 O

10. COMPUTING INFINITE P'-LOOP SPACES

The purpose of this section is to produce a motivic infinite loop space machine
for motivic spaces. This is one of the most impressive applications of Theorem [4.1]
Precisely, given a pointed motivic space F, the main result here, Theorem [10.7]
states that C,Fr(—, F¢)s is locally equivalent to the motivic space Qg5 ¥23 (F),
where F€ is a canonical replacement of F which is a directed colimit of simplicial
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smooth schemes and “gp” refers to a group completion of C,Fr(—, F¢), locally in
the Nisnevich topology.
NN

Let A°PFry(k) be the full subcategory of sShve(Sm/k) consisting of directed
colimits of objects from A°PFry(k). Recall that A°PFry(k) can be regarded as
a full subcategory of sShve(Sm/k) by the embedding sending X € Fro(k) to
X4 € Shve(Sm/k).

In order to compute Q9325 (F) of any motivic space F € sShve(Sm/k) (see The-

_
orem[10.7]), we need the following extension of Theorem[4.Ilto objects of AP F'rq(k):

.
Theorem 10.1. Let k be an infinite perfect field and let Y be an object of A°P Frro(k).
Then the following statements are true:

(1) The morphism s5 : X8Y, — Mpai(Y)5 is a stable motivic equivalence of
P!-spectra.

(2) The P'-spectrum Mpa:(Y )¢ is a motivically fibrant Q-spectrum in positive
degrees. This means that for every positive integer n > 0 each motivic
space C(Fr(—,Y xT™)) is motwically fibrant in the Morel-Voevodsky [18]
motivic model category of simplicial Nisnevich sheaves and the structure
map

Co(Fr(—Y xT™); — Qp1 (Cu(Fr(—,Y x T 1)) 4)
is a weak equivalence schemewise.

Proof. The first statement of the theorem can be proved similarly to Theorem[4.1}(1)

N
for any Y € A°P Fro(k). Without loss of generality it is enough to prove the second
statement of the theorem for Y € A°PFry(k). Indeed, we use the facts that the
functor Mpa1(—) respects directed colimits and directed colimits of locally fibrant
objects are Nisnevich excisive (even more: they are fibrant in the local flasque
model structure of sheaves in the sense of [13], 4.6]).

We first observe that each space Ci(Fr(—,Y xT™)), n > 0, is locally connected,
because it is the geometric realization of a simplicial locally connected H-space
[k € A% s C(Fr(—,Y;, x T™))] and 78 (Cy(Fr(—,Y x T™))) = 0 by [10, 7.1].
Now Corollary [7.6] is true if we replace X by Y in it. Indeed, its proof relies on
connectedness of the corresponding spaces, which we have just verified, and on
Corollary [Z5l As a result, for every positive integer n > 0 each motivic space
Cy(Fr(—,Y x T™))y is motivically fibrant in the Morel-Voevodsky [18] motivic
model category of simplicial Nisnevich sheaves.

In order to show that the structure map

Co(Fr(—=Y xT™) s — Qp1 (Cu(Fr(—,Y x T"1));), n >0,

is a weak equivalence schemewise, we use Corollary [.6] (replacing X by Y in it)
and the proof of Theorem [4.1(2) (in that we also use the fact that the geometric
realization of a simplicial stable local equivalence of S'-spectra is a stable local
equivalence) to say that this is equivalent to showing that the map

My (Y % (A /Gn)") s = Qopa Qsr (Mpe (Y x (A1//Gr)" @ Gl @ §1)y)

is a schemewise stable weak equivalence of spectra. But the latter follows from the
Cancellation Theorem for framed motives [IJ. O
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Corollary 10.2. Let k be an infinite perfect field. If n > 0 and ¢ : X — Y is a
—

map between spaces in A°PFro(k) such that X33 () is an isomorphism in SH (k)
then the induced map @y : CoFr(—, X x T™) = CyFr(—,Y x T™) is a local weak
equivalence of motivic spaces.

N
In the situation when X € A°P F'ry(k) is such that the space C. Fr(—, X) is locally
connected we arrive at the following result:

.
Theorem 10.3. Let k be an infinite perfect field. Suppose X €A°PFry(k) is such
that the space C.Fr(—,X) is locally connected. Then C,Fr(—,X) is an A'-local
space and there is a local weak equivalence of motivic spaces

C.Fr(— X) = QS (X,).

Proof. The fact that C,Fr(—,X) is an Al-local space is proved similarly to Corol-
lary [T.5(2). The theorem will follow if we show that the P'-spectrum Mpa: (X)) is
motivically fibrant, because the suspension spectrum g3 Xy is stably equivalent to
Mpr1(X)s by Theorem [[0.1(1). Now the fact that Mpa1 (X) is motivically fibrant
repeats the proof of Theorem [[0.1(2) word for word. O

The proof of the preceding theorem shows the following

Corollary 10.4. Under the assumptions of Theorem [10.3 the motivic P! -spectrum
Mpri (X)) is motivically fibrant.

By [2| 3.1] sShve(Sm/k) has the projective motivic model structure in which
generating cofibrations are given by

X, AOAT 5 X AA", X € Sm/k, n >0,

Equivalently, this family can be regarded as a family in A°PFrq(k) of the arrows
X®@0A™ - X @ A", n>0.
Let X — X° be the cofibrant replacement functor in sShve(Sm/k) with respect
—
to the projective model structure. Then X € A°?Fry(k), and hence Theorem [10.1]
is applicable to it. It also follows from Corollary [10.2] that each functor

CiFr(—, (=) xT") : X € sShve(Sm/k) — C.Fr(—, X x T") € sShvs(Sm/k),

where n > 1, takes motivic weak equivalences to local weak equivalences. Thus we
get a functor

C.Fr(—, (=) xT"): Hy (k) = Hus(k), n>1,

where Hyis(k) stands for the homotopy category of sShve(Sm/k) equipped with
the local injective model structure.

Denote by Q9325 (Hnis(k)) the full subcategory of Hyis(k) consisting of the
infinite P*-loop spaces. The above arguments together with Theorem [L10.1] imply
the following result:

Theorem 10.5. Let k be an infinite perfect field. Then the following statements
are true:

(1) The functor CuFr(—, (=) x T™) ¢ : Hy(k) = Huis(k), n > 1, lands in
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(2) For everyn > 1 and X € sShve(Sm/k) the space C.Fr(—, X x T™); has
the motivic homotopy type of QYRS (X AT™). In particular, the functor
QR o (=AT™) : Hpr (k) = Q% (Hyis(k)) is isomorphic to the functor
X — C.Fr(—,X¢x T");.

(3) For every X € sShve(Sm/k) the motivic space Qpi(C Fr(—,X° x T)y)
has the motivic homotopy type of QRIXRS(X). In particular, the functor
ORXERY  Hyi(k) — QN ER (Huis(k)) is isomorphic to the functor X —
Qp1 (CoFr(—, X xT)y).

(4) The functor 39 : Hpi(k) — SH(k) is isomorphic to the functor X
Mpni (X°)y.

Corollary 10.6. Let k be an infinite perfect field. If n > 0 then for any map of

motivic spaces ¢ : Y — Z such that X39(p) is an isomorphism in SH (k) the induced
map @ : CoFr(—, Y x T™) = C Fr(—, Z2° x T"™) is a local weak equivalence.

—

Let X €A°PFry(k). It follows from the Additivity Theorem that the mp-sheaf
of C.Fr(—,X) is a sheaf of Abelian monoids. In order to state the main result of
this section, Theorem [10.7] we fix any local group completion C, Fr(—, X)8P of the
motivic space C,Fr(—,X), which is functorial in X. This means that there is a
map of pointed motivic spaces

a:CyFr(—,X) = C.Fr(—,X)8

which is a group completion locally in the Nisnevich topology. One such local group
completion functor is given in assertion (3) of the preceding theorem. Another local
group completion is given by Qg1 (C.Fr(—, X ® S1)).

We are now in a position to prove the main result of the section. It gives an
explicit computation of motivic infinite loop spaces in terms of framed correspon-
dences.

Theorem 10.7. Let k be an infinite perfect field. Then the following statements
are true:
—
(1) If X €A°PFro(k) then C.Fr(—,X)8 is an A'-local space and there is a
local equivalence of motivic spaces
C.Fr(—,X)% ~ QR (X).
(2) If F € sShve(Sm/k) is a pointed motivic space then C . Fr(—,F°)&P is an
Al-local space and there is a local equivalence of motivic spaces
C Fr(—, F¢)8P ~ Q328 (F).

Proof.

(1). Without loss of generality we may replace the space C,Fr(—, X)%P with
Qo1 (CLFr(—, X ® S1)), because there is a zigzag of local weak equivalences of mo-
tivic spaces Qg1 (CLFr(—, X ®@S1)) 5 Qo (CoFr(—, X ®81)8P) « C,Fr(—, X))eP.

The space C.Fr(—, X ® S') is sectionwise connected, and hence it is Al-local
and there is a local weak equivalence of motivic spaces

C.Fr(— X @ S') ~ QxEx (X, A SY)
by Theorem [10.3l It follows that there is a local weak equivalence of motivic spaces

Q1O Fr(— X @ S') ~ Qg Q53 (X, A SY).
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It remains to observe that there is a sectionwise weak equivalence of motivic spaces
QTR (X) ~ Qa1 QR TX (X4 A SY).
(2). This immediately follows from the first assertion of the theorem. O

In turn, if X € sShve(Sm/k) is such that the space C.Fr(—,X°) is locally
connected we get the following result:

Theorem 10.8. Let k be an infinite perfect field and let X € sShve(Sm/k) be such
that the space C.Fr(—, X¢) is locally connected. Then C.Fr(—,X¢) is an A'-local
space and there is a local equivalence of motivic spaces

OXTX (X)) ~ C, Fr(—, X°).

Proof. Since C,Fr(—,X¢) is locally connected by assumption, it follows that the
space C Fr(—, X¢) is locally equivalent to C, Fr(—, X°)8P. The theorem now fol-
lows from Theorem [10.71 |

The proof of the preceding theorem shows the following

Corollary 10.9. Under the assumptions of Theorem [[0.8 the motivic P -spectrum
Mpni (X€)5 is motivically fibrant. Moreover, £33 X is isomorphic to Mpai (X€) g in
SH(k).

11. FURTHER APPLICATIONS OF FRAMED MOTIVES

Having applied the machinery of framed motives to prove Theorem 4.1 we want
to give further applications. One of the applications computes the suspension bis-
pectrum X332 X, of a smooth algebraic variety X in terms of twisted framed
motives of X. Another important application will be purely topological. It will
compute the classical sphere spectrum £33.5° as the framed motive My, (pt)(pt)
of the point pt = Speck evaluated at the point whenever the base field k is alge-
braically closed of characteristic zero.

Denote by G the cone (G,,)+//pt+ of the embedding pt =N (Gp)+ in the
category of pointed simplicial presheaves sPreqs(Sm/k). It is termwise equal to

(_’ Gm)"t‘) (_5 Gm)"r \ (_7pt)+7 (_7Gm)+ \ (_apt)-‘r \ (_7pt)+7 e
Moreover, its sheafification equals (GA!), which is termwise equal to
(_v Gm)Jra (_v Gm U pt)Jrv (_v G U ptU pt)+7 s
The sheafification is represented in the category A°P(Frg(k)) by the object G/}
(see Notation [R.1I]), which is termwise equal to

G, G, Upt, G, Upt U pt,...

One of the models for Morel-Voevodsky’s SH (k) can be defined in terms of (S*, G)-
bispectra (see, e.g., [15]). The main (S1, G)-bispectrum we work with is given by the
sequence of framed motives M}GT(X) = (M (X), Mg (X x G, ...), X € Sm/k,
where the simplicial objects G))* € A°P(Fry(k)) are those defined in Notation [8.1]
Each structure map is defined as the composition

My (X x GAM) — Hom((GA) 4, My, (X x GAM1)) — Hom(G, My, (X x GA"HY)),
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where the left map is defined as (9.I). We shall also call My, (X x G,") the n-
twisted framed motive of X, and write My, (X)(n) to denote My, (X x G,™). So
we can write for brevity

MF(X) = (Mypr(X), My (X)(1), Myr(X)(2),..),

to denote the (S, G)-bispectrum M?’T(X).
It is worthwhile to mention that the bispectrum M (X) is constructed in the
same way as the bispectrum

Mg (X) = (Mg (X), Mg(X)(1), Mx(X)(2),...), X € Sm/k,

where each S'-spectrum My (X)(n) = Mg(X x GA") is the n-twisted K-motive of

X in the sense of [7]. It was shown in [7] that Mg (pt) represents the bispectrum
fo(KGL).
The main result of this section is as follows.

Theorem 11.1. Let k be an infinite perfect field. Then for any X € Sm/k, the
canonical map of bispectra v : ¥HEF X, — M;?T(X) is a stable motivic weak
equivalence.

Proof. Tt is enough to prove that on bigraded presheaves 773;“)1* () is an isomorphism.

Every bispectrum yields a S'AG-spectrum by taking the diagonal. In order to avoid
massive notation, we prove the theorem for the case X = pt. The same proof works
for any X € Sm/k. Let r > 0, s, n > 1 be integers with s +n > 0. There is a
commutative diagram in the homotopy category Hi(k) of pointed motivic spaces

[ST AUy A (ST AG) 7, (S AG)"] — ) [S7 A T4 A (ST AG)**7, O Fr((S @ GALYAM)]

(u/\n)* u™

[S™ AUS A(SE A7, (AL //(Cm)4)"] 2225 [S7 A UL A (ST NG+, CuFr((A1//Cm) )]

(A1), o7

[S™A UL A (SEAG) =, Tr] —— O s1gr A UL A (ST A G, CLFr(T™)]

(uh(sHn)y« (uh sty

[S7 AU A (AL //(Gm) )5+, T —— 25 [57 AUL A (AL //(G))*+7, CuFr(T™)]

(,U/\(s+n))* (v/\(s+n))*

[S” AUy AT+, T7) [ST AUy AT+, CuFr(T)]

(oM (sHn) )= (oM (stn)y*

(677)

[ST AUy APASTR 7

[ST AU4 APASTR CLFr(T™))

In this diagram all left vertical arrows are bijections, because the natural maps
u:AL//(Gp)y = S'AG, v: AL//(Gy)4 — T and o : P — T are motivic
equivalences. All right vertical arrows are bijections, because the morphisms

u

CLFr((AY/Gr)™) 55 CLFr((S'@GANM), CLFr((A//Gm)™) 25 CLFr(T™)

are local equivalences by Corollaries [8.9] and [9.4]
Fit now each of the twelve vertices of the diagram into a direct colimit over n
as follows. For vertices on the right hand side we form direct colimits with respect
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to the T-spectrum with entries {C,Fr(T™)}, with respect to the Al //(Gy,)4-
spectrum with entries {C, Fr((A'//G,,)"\")} as well as with respect to the S A G-
spectrum with entries {C, Fr((S1®@GA)"")}. Likewise, for vertices on the left hand
side we form direct colimits with respect to the T-spectrum with entries {7}, with
respect to the A} //(G,,);-spectrum with entries {(A'//G,,)""}, with respect to
the ST A G-Spectrum with entries {(S' A G)""}.

The family of morphisms {(6,)} forms a morphism on the direct colimit, since
it corresponds to the T-spectra morphism {T"} — {C.Fr(T™)}. For i = 5,4,3
the families of morphisms {(i,)} form morphisms on the direct colimits by the
same reason. The family of morphisms {(1,)} forms a morphism on the direct
colimit, since it corresponds to the S' A G-spectra morphism {(S' A G)"\"} —
{C.Fr((S*®GAL ") }. Finally, the family of morphisms {(2,,)} forms a morphism
on the direct colimit, because it corresponds to the Al //(G,,)-spectra morphism
{(AY/)G,,)"} — {C.Fr((A'//G,,)"™)}. In a similar fashion for each vertical
map the corresponding family of arrows forms a morphism on the direct colimits.

In this way we get a commutative diagram consisting of twelve direct colimits
and morphisms between them. We also get a commutative diagram consisting of
twelve groups and homomorphisms between them. In that diagram of groups all
the vertical arrows are isomorphisms as mentioned above. The bottom arrow is an
isomorphism by Theorem [4.1] and hence so is the top arrow We conclude that
for r > 0 the map of presheaves 7TT+2S L(EFEE(8Y) T+25 S(MG( t)) is an
isomorphlsm for any integer s. In other words, the map v, is an 1somorphlsm on
presheaves 7TAb with 2a — b > 0. In particular, for any U € Sm/k and any t > 0
the map

Thaa EFER (SO x Gf) 25 why o (MF, (p1)) (U x Gi)

is an isomorphism. Note that W§;7a(2&? Y3(S)(Us AGHY) is a canonical direct
summand of the Abelian group 77%’,1(2(?;2?1 (S9))(UxG)Y), and the Abelian group
T, G(MG (pt))(UAGAY) is a canonical direct summand of WQA;’G(M?T(pt))(U xGXH).

Hence the map
Tha—t.a(SFTE () (U) = 7?‘52 a(2°° F(S)(UL AGY)
7_*> 2a a(Mfr(pt))(UJr A G;\nt) = Wgaft,a(M?r(pt))(U)

is an isomorphism, too. Thus the map <, is an isomorphism on presheaves Wfb
with 2a — b < 0 and the theorem follows. |

Corollary 11.2. Let k be an infinite perfect field and let X be smooth. Then
o (EREFX,)(pt)), n = 0, is the Grothendieck group of the commutative

—n,—n

monoid mo(C. Fr(pt, X x GL™)).
Corollary 11.3. Let k be an infinite perfect field and let X be smooth. Then
T W(BRIFXL)(pt) = Ho(ZF(AL X x G))), n>0.

—n,—n

In particular, W‘ﬁzﬁn(EgﬁEgSo)(pt) = Ho(ZF(A3,GhM) = KMW (k) if n > 0
and chark = 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



300 GRIGORY GARKUSHA AND IVAN PANIN

Proof. The fact that Ho(ZF(A$,GM™)) = KMW (k), n > 0, was proved by Neshitov
in [19] for fields of characteristic zero. Thus the statement recovers the celebrated
theorem of Morel [17] for Milnor-Witt K-theory. O

It is also useful to have Theorem [I1.1] for simplicial schemes or, more generally,
—
for objects in A°PFro(k) (cf. Theorem [10.1]).

N
Theorem 11.4. Let k be an infinite perfect field. Then for any Y €A°PFrq(k),
the canonical map of bispectra LHEFY, — M?’T(Y) is a stable motivic weak equiv-
alence.

Proof. If we use Theorem [10.1] our proof repeats that of Theorem [11.1] word for
word. |

Here is an application of the preceding theorem.
Theorem 11.5. Suppose the base field k is infinite perfect. For anyY EAOPEO(k)
one has a canonical isomorphism
SH(k)(SFTZ Xs SESH Y, [n]) = SHE ()5 X4, My, (V)[n]), 0 >0,
where SH;‘f(k:) is the stable homotopy category of Nisnevich sheaves of S'-spectra.
Proof. Consider a bispectrum
MF(Y) ;= (Mg (Y) 5, Mpn (Y % Gl g Mpn (Y X G2)gs )

obtained from M?’T(Y) by taking Nisnevich local stable fibrant replacements at each

level. It is shown similarly to [1, Theorem B] that M ;(S’T(Y) ¢ is a motivically fibrant
bispectrum.
Theorem [11.4l implies an isomorphism

SH(R)(SESE X4, SESEY, [n]) = SHR)(SESE X, ME (V) sln]), n > 0.
But
SH(K)(SEEHE X, MF, (V) s[n]) = SHe (k) (S X4, My (Y) ¢ [n])
& SHGE (k) (51 Xy, My (Y)g[n]) = SHG (k) (X3 X4, My (Y)[n]),
as was to be shown. O

Corollary 11.6. Suppose the base field k is perfect infinite. For any morphism
—

¢ Y — Z in A®Fro(k) such that SFEZ (@) is an isomorphism in SH(k),
the morphism of framed motives My, (¢) : M (Y) — My(Z) is a local stable
equivalence of S'-spectra.

Let X — X° be the cofibrant replacement functor in sShve(Sm/k) (see p.[293).

—
Then X€ is in A°PFry(k), and hence we can apply Theorems[IT.4HIT.5lto it. It also
follows from Corollary [I1.6] that each functor

My ((—)°) : X € sShve(Sm/k) — My, (X€) € Spg1(sShve(Sm/k))

takes motivic weak equivalences to stable local weak equivalences. Thus we get a
functor

My ((=)°) + Hpa (k) — SHE?(k),
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where SHgils(k) stands for the homotopy category of Spgi(sShve(Sm/k)) equipped
with the stable local injective model structure.
In a similar fashion, we define a functor

MF.((=)) + Hpa (k) — SH(K).

Explicitly, it takes a motivic space X to the bispectrum M};T(X ). In fact, we will
extend the functor to SH (k) in Section [121

Denote by Q2 (SHE#(k)) the full subcategory of SHEE(k) consisting of the in-
finite G-loop spectra. The above arguments together with Theorems [[T.4IT.5] and
Corollary [11.6] imply the following

Theorem 11.7. Let k be an infinite perfect field. Then the following statements
are true:
(1) The functor Mg, ((—=)) s : Hp (k) — SHES(k) lands in QF (SHEE(k)),
where “f” refers to the stable local fibrant replacement of S*-spectra.
(2) For every X € sShve(Sm/k) the spectrum My, (X°)s has the stable motivic
homotopy type of QX EFX (X). In particular, the functor QFEFEZ :
Hyi (k) — QX (SHES(k)) is isomorphic to the functor X — My, (X°)s.
(3) The functor XFXg : Hyi (k) — SH(k) is isomorphic to the functor X'
M};T(XC).
Corollary 11.8. Let k be an infinite perfect field. Then for any map of motivic
spaces ¢ : Y — Z such that X3 X (@) is an isomorphism in SH(k), the induced
map @y : Mg (V) = My (Z°) is a local stable equivalence.

We finish the section with topological applications of framed motives. The first
result gives an explicit model for the classical sphere spectrum X33 S0,

Theorem 11.9. Let k be an algebraically closed field of characteristic zero, with
embedding k — C. Then the framed motive My, (pt)(pt) of the point pt = Speck
evaluated at pt has the stable homotopy type of the classical sphere spectrum %Z S0,

Proof. By a theorem of Levine [16] the functor ¢ : SH — SH(k), induced by the
functor
sSetse — sPreqs(Sm/k)
sending a pointed simplicial set to the constant presheaf on Sm/k, is fully faithful.
The functor ¢ comes from a left Quillen functor (see the proof of [16], 6.5]). Its right
Quillen functor from bispectra to ordinary S'-spectra takes a bispectrum E =
(Eo, E1,...) to Eg(pt). Moreover, ¢ induces an isomorphism 7, (E) — wﬁjO(C(E))
for all spectra F.
Consider M?’T (pt). By Theorem [[1.1] the canonical morphism

FIXS = o(DHS°) = M, (pt)
is a motivic stable equivalence of bispectra. Consider a bispectrum

MG (pt)y = (Mo (pt) 5, My (GY) p, My (G2) g, )

obtained from M}f’r

(pt) by taking Nisnevich local stable fibrant replacements at
each level. By [I, Theorem B] M}‘f’r(pt) ¢ is a motivically fibrant bispectrum, and
hence a fibrant replacement of 33 £ S0

It follows that My, (pt)s(pt) is a fibrant replacement of £2;.5°, because each ho-

momorphism m,(2315%) — 14 o (c(SF8%)) = 7o (M. (pt)) = w0 (M (pt) £ (pt))
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is an isomorphism. It remains to observe that My, (pt)(pt) is stably equivalent to
My, (pt)(pt)- O

The previous theorem immediately implies the following

Theorem 11.10. Let k be an algebraically closed field of characteristic zero, with
embedding k — C. Then the following statements are true:

(1) For every n > 0, the geometric realization of the simplicial set Fr(Aj,S™)
has the homotopy type of the topological space Q>°%>(S[, ), where S[,, stands for
the usual topological n-sphere.

(2) The geometric realization of the simplicial set Fr(Ag, pt)gP has the homotopy

type of the topological space QOOEOO(S?OP), where “gp” refers to group completion.

If we pass to homotopy groups with finite coefficients, then the preceding theorem
has the following extension:

Theorem 11.11. Let k be an algebraically closed field of characteristic zero, with
embedding k — C. Then for any integers m,N > 0, r > 0 and any X € Sm/k,
there are canonical isomorphisms of Abelian groups

m (Fr(AL, X @ SN);Z/m) = ' (X(C)4 A Sfy,3 Z/m)
and
T (Fr(A}, X)8P; Z/m) = 1 (X (C)4: Z/m).
Also, if k is any infinite perfect field, then the assignments X — m.(Fr(Ap, X)&P)

and X — m.(Fr(A%, X ® SN)) are generalized homology theories on the category
Sm/k.

Proof. The natural functor X € Sm/k — X (C) € Top can be extended to a functor
Re: SH(k) — SH (see, e.g., [16]). By [16} 7.2] Re induces an isomorphism

T (SREF X5 Z/m) (pt) — 78X (C) 43 Z/m)

for any r € Z. Theorem [I1.5] implies that 77,‘%(2%‘{ EXX1;Z/m) is computed as
the Nisnevich sheaf 7V (My,.(X); Z/m). We have that

T (M (X); Z/m)(pt) = 70 (M pr(X) (pt); Z/m) = 7 (Fr(Af, X)®5 Z/m).

Thus we have verified the second isomorphism of the theorem. The first isomor-
phism is checked in a similar fashion.

Now the fact that the assignments X — . (Fr(Ay, X)&P), X — m.(Fr(Ag, X ®
SN)) are generalized homology theories on Sm/k with k infinite perfect immedi-
ately follow from Theorem [B.10] (verifying the excision property for homology the-
ories) and Corollary [8.8] (verifying the homotopy invariance property for homology
theories). O

The preceding theorem is also an extension of the celebrated theorem of Suslin
and Voevodsky [21] on singular algebraic homology.

12. THE BIG FRAMED MOTIVE FUNCTOR MY,

In Section [11] we computed the functor X3 X : Hyi (k) — SH(k) to be iso-
morphic to the functor M;(f’r : Hy (k) — SH(k). We extend the latter functor to
bispectra below, but first we start with preparations. We assume in this section
that the base field k is infinite perfect.
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We first give an explicit description of Ex*>(C.Fr(X)) for every space X €
3sShve(Sm/k), where Ex® is the Kan complex. Voevodsky [23 Section 3] defined
a realization functor from simplicial sets to Nisnevich sheaves | — | : sSets —
Shunis(Sm/k) such that |[A[n]| = A™, where A[n] is the standard n-simplex. Under
this notation the cosimplicial scheme A® equals |Afe]|. For every ¢ > 0 denote by
sd®A® the cosimplicial Nisnevich sheaf |sd’A[e]|. Under this notation we then have
a canonical isomorphism of motivic spaces

Ex*(C.Fr(X)) = Fr(|sd*Ale]|s+ A —, X).

It follows that Ex‘(C.Fr(X)) is a space with framed correspondences, as is the
space
Ex>®(C,Fr(X)) = colim; Ex*(C,Fr(X)).

Note that Ex>(C.Fr(X)) is a sectionwise fibrant pointed simplicial set and the
canonical map C, Fr(X) — Ex>(C.Fr(X)) is a sectionwise weak equivalence.

For brevity we denote by G the sheafification of G. It equals the simplicial
sheaf (G)\1), € sShve(Sm/k) (see Section [[I)). Given a (S*, G)-bispectrum E of
simplicial Nisnevich sheaves, replace it by a stably cofibrant bispectrum FE°¢ in the
stable projective motivic model structure of bispectra associated with the projective
motivic structure on sShve(Sm/k) in the sense of [2] (we shall deal with this model
structure throughout the section). Then each (i,j)-entry Ef; of E° belongs to

N
A°PFro(k). We set
M§.(E);; = Ex>®(C,Fr(Ef;)), i,j>0.
The structure maps in the S'- and G-direction
Ex>®(C,Fr(E;;)) — Hom(5", Ex®(C.Fr(Ef 4 ;))),
Exm(C*Fr(Eij)) — Hom(G, EIOO(O*FT(EiC,j+1)))

are obviously induced by the structure maps u,,u, of E€ (see [15 p. 488] for the
relevant definitions on bispectra). Precisely, they are compositions

Ex>(C,Fr(E;;)) — Hom(S", Ez>(C,Fr(E;; ® 51)))
- Ho—m(slvEIoo(C*Fr(Ez'c+1,j)))
and
Ex>®(C.Fr(E;;)) — Hom(G, Ez®(C,Fr(E; ; ® G},)))
“ Hom(G, Ex>(CyFr(Ef ;41)))

respectively.

For brevity we drop Fx>° from notation and tacitly assume below that all spaces
like C\.F'r(E; ;) are sectionwise fibrant with framed correspondences. We then have
a canonical morphism of bispectra

(:E°— MF.(E).

Clearly, ¢ is functorial in F.

Denote by SH/" (k) the full subcategory of SH (k) consisting of framed bispectra,
i.e. those bispectra £ such that each space &; ; is a space with framed correspon-
dences and the structure maps & ; — Hom(S', &415), & — Hom(G, & j41)
preserve framed correspondences.
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Theorem 12.1. For every (S, G)-bispectrum of simplicial Nisnevich sheaves E
the morphism of bispectra ¢ : E¢ — M};’T(E) 18 a stable motivic equivalence. In

particular, E is isomorphic to M};T(E) in SH(k) by the zigzag of equivalences E <
E¢ — M?T(E) and M;(c;’r induces an equivalence of categories M;(c;’r . SH(k) =
SHI(k).

Proof. Let diag(E*), diag(M;(c;’T(E)) be the diagonal S A G-spectra. They consist
of motivic spaces (Efq, EY 1,...) and (C.Fr(Eg,), CF'r(EY ;),...) respectively.
It suffices to show that diag(¢) : diag(E°) — diag(M;g’r(E)) is a stable motivic

equivalence of S! A G-spectra.
By |15, p. 496] diag(E®) has a natural filtration

diag(E°) = colim,, L, (diag(E®)),
where L, (diag(E€)) is the spectrum
E§o.. B ES N (STAG),ES A (STAG)?, L

n,n’

In turn, diag(M?’T(E)) has a natural filtration
diag(MF,(E)) = colim, M$,"®(Ly(diag(E°))),
where MfS;AG(Ln(diag(Ec))) is the spectrum

C*FT(ES,O)’ e 7C*FT(E'rCL,n)’C*Fr(E"r:L,n ® (Sl ® Gﬁll))vo*Fr(E;,n ® (Sl ® Gr/w\ml)z)v e

It follows from Theorem [11.4] that each morphism of spectra L,(diag(E€)) —
MjSTlAG(Ln(diag(EC))) is a stable motivic equivalence, and hence so is diag(¢). O

Observe that the composite functor

p2Fad Yo} M€
Hyi (k) ——2% SH(E) —% SH(k)
is isomorphic to the functor M};’T of Theorem [I1.7(3). Thus the functor of Theo-
rem [12.1] extends the functor of Theorem [11.7)(3).

Next, denote by ./\/ll}r the functor taking a bispectrum E to (Og 0c©% OM};T)(E)
and refer to it as the big framed motive functor. Here ©%F applies to each Sl
spectrum of the bispectrum M?’T(E) as in the formula (0.2)), and ©F similarly
applies to the bispectrum (O] o M};’T)(E) in G-direction.

Theorem 12.2. The following statements are true for every bispectrum E:

1) the natural map pu : M (E) — MY (E) is a stable motivic equivalence o
fr T
bispectra;
2) for anyi,j > 0 the space with framed correspondences Mb, (E); i is A-local
fr 5]
as an ordinary motivic space;
3) the bispectrum MY (E)f, obtained from MY (E) by taking Nisnevich local
fr fr

replacements M?T(E)if;j

in all entries, is motivically fibrant.
Proof.

(1). Since the projective motivic model structure on sShve(Sm/k) is weakly
finitely generated in the sense of [4], our assertion is proved similarly to that

of Lemma [9.5]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



FRAMED MOTIVES OF ALGEBRAIC VARIETIES 305

(2). Write E© = (ES, ES |, ...) as a collection of S*-spectra. Then M,;gr(E) is a
collection of S'-spectra (C,Fr(ES ), CoFr(ES ), ...) and

BRMF(B) = (0% (C.Fr(ES ), 0% (CLFr(ESL)), ...

By construction, the (i, j)-entry equals

SMF(E);; =
= colim(C, Fr(E{ ;) — Hom(S', C.Fr(Ef,, ;)) — Hom(5% C.Fr(Ef,5 ;) — -+ ).

In each weight j, the S'-spectrum E% ; has anatural filtration Ef,j:coliann(Efyj),
where L, (EX ;) is the spectrum
c c c c 1 c 2
E§ B oo By i B s NST EL S NST L
Then C.Fr(ES ;) = CyF'r(colim, L,(EY ;)) = colim, C.Fr(L,(ES ;)), where the

spectrum C’*Fr7(Ln(E§)j) is

C.Fr(Ej;),CoFr(ES ), ..., CuFr(E; ), CuFr(E; ; © SY),C.Fr(E;, ; © S), ...

Since each motivic space C*FT(E,CLJ- ® S%), £ > 0, is Al-local, then so is the mo-
tivic space Hom(S™, C.F'r(Ey ; @ S%), where m > 0. Therefore each space of

S (CLFr(ES,)) = O (colimy, C.Fr(Ly(ES,))) = colimy, OF (CoPr(Ln(EX,)
is A'-local, because so is each ©F; (C.Fr(Ly,(ES ;))). We use here the fact that a
directed colimit of Nisnevich excisive spaces is Nisnevich excisive to conclude that

a directed colimit of A'-local spaces is Al-local. We see that each 0% M?’T(E)m- is

A'-local. If we take a Nisnevich local fibrant resolution ©23 M?’T (E){] in each (3, j)-

entry, we obtain a bispectrum 3 M};’T(E)f. Then each S*-spectrum O M};’T(E)f:yj
of the bispectrum O} M?’T (E)/ is motivically fibrant in the local stable model struc-
ture of S'-spectra. Indeed, this follows from the fact that the structure maps of the
St-spectrum O (C.Fr(ES ;)) are isomorphisms and that the functor Hom(S", —)
preserves local equivalences.

Next, the S1-spectrum in each weight j of MY% (E) equals by definition

colim(OG1 (Cu F'r(Ey ;) — Hom(G, ©G1 (CLF'r(EY ;411)))
— Hom(G"?, 0% (CL.Fr(ES ;) = ).

We have shown above that (O (C.Fr(EY ;))) is a motivically fibrant S*-spectrum.
We claim that

Hom(G, 6%?(0*F7’(Ei,j+1))) — Hom(G, ( E%(C*FT(E?]'H)))J‘)

is a levelwise local equivalence. In this case it will follow that each space M?T(E)”
is Al-local.

Since both spectra are sectionwise (2-spectra, it suffices to prove that this arrow
is a stable local equivalence. The presheaves of stable homotopy groups of the
left spectrum are Al-invariant quasi-stable radditive with framed correspondences
(see [7, Introduction]. Therefore our claim follows from the following

Sublemma. Let X be an A'-local motivic S*-spectrum whose presheaves of sta-
ble homotopy groups are homotopy invariant quasi-stable radditive presheaves with
framed correspondences (see [8] for the definition of such presheaves). Suppose X7
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is a local stable fibrant replacement of X. Then the map of spectra Hom(G, X') —
Hom(G, Xf) is a local stable equivalence.

Proof. First compute 72 (Hom((G,,)+,X’)). We have X/ = hocolim,,_, Xin,
where X, is the naive nth truncation of X' in Spgi(sShve(Sm/k)). X has ho-
motopy invariant, quasi-stable radditive presheaves with framed correspondences
of stable homotopy groups m,(X). By [8 1.1] (complemented by [3] in character-
istic 2) the Nisnevich sheaves 7%5(X%,,) are strictly homotopy invariant. If Xgn

is a stable local replacement of X, it follows from Proposition [7.1] that X;n is
motivically fibrant, hence X, is Al-local in SHg (k). Since

Hom((G,,)4,X¥) = hocolim,, o, Hom((G,,) 4, Xgn)

one has 72 (Hom((G,, )+, X7)) = colim,,, o 72 (Hom((G,, ), X;n))
Consider the Brown—Gersten convergent spectral sequence

U X G, m5(Xs,)) = g p (XL ) (U X Gr), U € Sm/k.

IllS (

By [, Section 17] each presheaf U — HP, (U x Gy, ngs(/'\,’gn)) is Al-invariant quasi-

stable radditive with framed correspondences. If U is a smooth local Henselian
scheme then by [8, 3.15(3)] there is an embedding

nlS(U X Gm’ :;nS(X?n)) — Hms(Gm k(U)’ q (X>n))

where k(U) is the function field of U. By the Sublemma in [7, Appendix A] we have
that HY, (G k(s T3 (X>n)) = 0 for p > 0, and hence HE, (U x Gy, gls(Xf ) =

nis nis

0 for p > 0. We can conclude that
78 (Hom((Grn) 1, X)) = 785 () (G x ).
It also follows that
i (Hom(G, X7)) = (m® (7)) -1 = (mp™(X7))

It remains to show that the morphism of Al-invariant radditive quasi-stable
framed sheaves

(mn (Hom(G, X)))™ = (m, (X)) — (m™(X)) 1

is an isomorphism. Using [8, 3.15(3’)] it suffices to check that it is an isomorphism
for every field extension K/k. The homomorphism of Abelian groups

(7 (X)) 25 (K) = (70 (X)) 1 (K) = (m°(X))-1(K)

n

is an isomorphism, because for any Al-invariant radditive quasi-stable framed
presheaf of Abelian groups F and every open V C Al one has F(V) = F1is(V)
(see the proof of 8, 3.1]). O

(3). By the previous assertion each space M fr( )i; is Al-local, and hence
Mb (E)z]
M (B)]

is a motivically fibrant space. The proof of the assertion shows that

j can be computed as the ith space of the motivically fibrant S L_spectrum
colim(@%‘i(C*Fr(Efj’j))f — Qa (051 (CLFr(E; g+1))f)

— Qagr2 (051 (CuFr(E *g+2))f) =)
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Moreover, this colimit is the S'-spectrum in weight j of the bispectrum /\/lb ~(E ).
By [12, 4.12] such a bispectrum must be motivically fibrant. This completes the
proof. O

Definition 12.3.

(1) Given a (S, G)-bispectrum E and i,5 > 0, denote by z{;(E) the graded
Nisnevich sheaf P, s(ME, (E); ;) and refer to such sheaves as framed sheaves
of E.

(2) Denote by SHI! (k) the full subcategory of SH/"(k) consisting of framed

nis
(S, G)-bispectra whose motivic spaces are Al-local as ordinary motivic spaces.

Theorem [12.2] implies the following

Theorem 12.4. The following statements are true:

(1) Framed sheaves detect stable weak equivalences of bispectra. Namely, a
map of bispectra f : E — E' is a stable motivic equivalence if and only if

fr f f . . . ..

m; J(E) = m S (E) is an isomorphism of sheaves for all i,j > 0.

(2) For every bzspectrum E the bispectrum Mbr( ) belongs to SHIT (k). More-

over, the functor M% : SH(k) — SHfr(k:) is an equivalence of categories

nis
nis

and there is a natural isomorphism of endofunctors on SH(k):
id—co M?«T,

where v : SHIT (k) — SH(k) is the natural inclusion.

nis

In other words, the preceding theorem says that the functor MY, converts the
classical Morel-Voevodsky’s stable motivic homotopy theory SH (k) into an equiv-
alent local homotopy theory of A'-local framed bispectra from S Hlflg(k) The main
ingredients of this equivalent local homotopy theory are framed motivic spaces of
the form C . Fr(—,Y), where Y € A°PFry(k) is a simplicial scheme, as well as their
framed motives My, (Y).

We document this as follows.

Theorem 12.5. The Morel-Voevodsky stable motivic homotopy category SH (k)
can be defined as follows. Its objects are (S, G)-bispectra and morphisms be-
tween two bispectra E, E' are given by the set mo(E°, MY, (E")T) of ordinary mor-
phisms between bispectra E°¢ and M?,’n (E"Y modulo naive homotopy. In particular,

SH(k)(S35F Xy, B') = mo(MY, (BN 4(X)) for any X € Sm/k.

13. FRAMED P!-SPECTRA

In Theorem [10.5] we have shown that the suspension spectrum 3¢ X’ of a motivic
space X € sShve(Sm/k) is naturally equivalent to the spectrum

Mpri (X€) = (C.Fr(—, X%),CeFr(—, X AT), Co Fr(—, X AT?),...).
There is an induced functor of homotopy categories
Mpm : HAI (k) — SH(/C),

which is equivalent to 327 (see Theorem [10.5). Observe that Mpa: lands in the
full subcategory of P!-spectra, denote it by SH/"(k), whose motivic spaces are
Al-invariant with framed correspondences. This section will show the reader how
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to get naturally framed P'-spectra. Another approach for bispectra was illustrated
in the previous section.
The purpose of this final section is to construct an equivalence of categories

SH(k) — SH'" (k)
(see Theorem [13.4). Moreover, we shall prove that every spectrum is isomorphic in
SH (k) to a framed Q-spectrum from SH/" (k).

Throughout the section k is assumed to be any field. By Sptp1 (Sm/k) (respec-
tively Spt” (Sm/k)) we mean the category of P'-spectra (respectively T-spectra)
associated with simplicial Nisnevich sheaves.

We shall consider the level and stable flasque model structures on Spt]P>l (Sm/k)
or Spt” (Sm/k) in the sense of [13]. An advantage of these model structures is that
a filtered colimit of fibrant objects is again fibrant [13] 5.3, 6.7] (in fact, both model
structures are weakly finitely generated in the sense of [4]). A fibrant P!-spectrum
with respect to the stable motivic model structure will also be referred to as an

Q-spectrum.
The motivic equivalence ¢ : PA' — T induces an adjoint pair

I SptPI(Sm/k:) = Spt” (Sm/k) : g,

where g is the forgetful functor. When proving Theorem[4.1(1) the reader may have
observed that we first replaced the suspension spectrum X2? X by the suspension
T-spectrum X = f(Ep9X) and then applied ©> to the P'-spectrum IR X =
gf (X33 X) = g(XF X) in order to get framed correspondences. We see that framed
correspondences are obtained from the T-spectrum X3 X.

We want to extend this construction to spectra. Suppose £ € Spt’ (Sm/k).
By [15] p. 496] £ = (&0, &1, .. .) has a natural filtration

& = colim,, L,,€,
where L, is the spectrum
0, &1y Ea NT, En NT?, ...
Denote by Lﬁlg the spectrum ¢(L,,€). By Lemma [9.5] the natural map of spectra
N LEIE — @nglg
is a stable equivalence. There is an isomorphism of spectra

Ly @“LEIS = @OOLiP:fré' =

= (Hom(P"", Fr(&,)), . .., Hom(P ", Fr(&,)), Fr(&), Fr(En AT), . ..).

If we apply the Suslin complex functor C, levelwise, we get a spectrum

C,O®L[F, £ .=

n,fr
= (Hom(P"\", C,.Fr(&,)), . ..,Hom(P", C. Fr(&,)), CoFr(En), CoFr(EnAT), .. .).
By [18] 2.3.8] the natural map of spectra
5, :O%LE . & C.O®LE €

n,fr n, fr

is a level motivic weak equivalence.
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Passing to the colimit over n, we get that the composite map of spectra

colimy, (8 tnnn) : g(€) = colim, LEIE — colim,, C’*@OOLE}TS
is a stable motivic weak equivalence. We use here the fact that a sequential colimit
of stable motivic weak equivalences is a stable motivic weak equivalence by [15]
3.12].
Denote by O*C,Fr(£) the spectrum

colim,, Hom(P"", C\ Fr(&y)), colim,, Hom(P""™, Cy Fr(E14n)), colim, Hom(P"™, C Fr(E24n)), - - -
Also, denote by C.Fr(€) the spectrum (C.Fr(&y), CuFr(€r), CuFr(€2),...). Each
structure map C.F7r(E) — Hom (P, C.Fr(Ekt1)), k > 0, is given by the natural
composition

C,Fr(&,) — Hom(PM, C, Fr(E AP))

(k)

2 Hom(PM, O Fr(Ex AT)) —= Hom(PM, CLFr(Exs1)),
where e : &g AT — Epy1 is the structure map of €. Observe that for any X €
—
A°P F'ro (k) the spectrum Mpai (&) is isomorphic to CuFr (359 (X)) in SH (k).

The spectrum colim,, C’*G‘X’thﬁﬁ is naturally isomorphic to ©*°C, Fr(£) and
the stable motivic equivalence

a:g(€) = OFC. Fr(€)
factors as g(&) 2 C.Fr(€) - ©%C,Fr(£). Here v equals the stable motivic
equivalence of Lemma [9.5] and each 3, : &, — C.Fr(&,) is the obvious map

of motivic spaces. The two-out-of-three property implies 3 is a stable motivic
equivalence. Tt is plainly functorial in £ € Spt” (Sm/k).

Theorem 13.1. For every T-spectrum & there is a natural stable motivic equiv-
alence of spectra B : g(€) — C.Fr(E), functorial in E. Moreover, a morphism
of spectra u : € — &' is a stable motivic equivalence if and only if C.Fr(u) :
C.Fr(€) = C.Fr(&) is. In particular, we have a functor

C,Fr : Ho(Spt” (Sm/k)) — Ho(Spt® (Sm/k)),
which is an equivalence of categories.

Proof. The first statement has already been verified above. The second statement
follows from the first statement and the fact that v : £ — &£’ is a stable motivic
equivalence if and only if so is g(u) : g(€) — g(&’) (see [15] p. 477]). The functor

C.Fr : Ho(Spt” (Sm/k)) — Ho(Spt]Pwl(S’m/k))7

is an equivalence of categories, because g is and 3 : g(£) — C.Fr(€) is a stable
motivic equivalence, functorial in £. O

Lemma 13.2. For every T-spectrum &, each space of the Pl-spectrum ©> Fr(&)
(respectively O C,Fr(£)) is a motivic space with framed correspondences.

Proof. ©>*Fr(£) is the spectrum
colim,, Hom(P"", Fr(&,)), colim,, Hom(P"", Fr(&E114)), - - -

Given a sheaf F' and s > 0, we claim that Hom(P"*, Fr(F)) is a sheaf with framed
correspondences (the internal Hom is taken in the category of pointed Nisnevich
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sheaves). To see this, define for any U, X € Sm/k and any m,n a map of pointed
sets
Hom(Uy APM Xy AT™) AHom (X, AP FAT™)

— Hom (U, A PNEEmR) o g pmtn),
fa:U AP - X, AT™ and v : X, APMT — F AT™ are morphisms of
pointed Nisnevich sheaves, then we define o*(v) as the composite morphism

Uy AP APA AP 2 [, APA™ A PAstTn 20 A pm g phstn

> T X, APAE A pm N pA T s AT AT

Passing to the colimit over n, we get that Hom(P"¢, Fr(F)) is a sheaf with framed
correspondences as claimed.
Next, the composite morphism

Hom(P"*, Fr(&)) — Hom(P 1, Fr(&x A T)) <% Hom (P, Fr(Expn)),

where s,k > 0, is plainly a morphism of framed Nisnevich sheaves. Recall that
the left arrow is induced by the map taking (v : Xy A PMTY — & AT") €
Hom(P"*, Fr,(Ek)) to the composition

(Xp APNHIHR o X AP AP 220 g AT AT
>~ E AT AT") € Hom(P*H Fr, (&, AT)).

It follows that each motivic space (O Fr(&))r = colim, Hom (P, Fr(Exsn)) of
the spectrum ©>°Fr(€) has framed correspondences. Obviously, the same is true
for the spectrum ©*C, Fr(E). O

Suppose £ € Spt” (Sm/k). Then there are isomorphisms of P'-spectra
0% (9(€)) = ©(colim, L, €) = colim, OF (LY, &) = OFFr(&).

If £ is levelwise motivically fibrant it follows that ©*Fr(£) is an -spectrum,
because so is ©%°(g(€)) by [12] 4.6]. Using Lemma [13.2] we have shown therefore
the following

Lemma 13.3. For every levelwise fibrant T-spectrum £, the spectrum O Fr(E) €
1
Spt" (Sm/k) is an Q-spectrum with framed correspondences.

We are now in a position to prove that SH (k) is canonically equivalent to its full
subcategory SHY"(k) of framed spectra, i.e. those spectra whose motivic spaces
are Al-invariant with framed correspondences.

Theorem 13.4. The functor C, Fr : Spt” (Sm/k) — SptPl(Sm/k) takes a spec-
trum € to a framed spectrum C.Fr(E). The composite functor

SH(k) = Ho(Spt®' (Sm/k)) L5 Ho(Spt” (Sm/k)) <25 Ho(SptF' (Sm/k)),

induces an equivalence of categories SH(k) — SHI"(k). Moreover, every P'-
spectrum is isomorphic in SH (k) to a framed Q-spectrum.
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Proof. By construction, C,Fr(€) is an Al-invariant with framed correspondences.
The next statement follows from Theorem [13.1] and the fact that f is an equiva-
lence of categories (see [15, 2.13]). To show that every P'-spectrum F is isomorphic
in SH(k) to a framed Q-spectrum, let E° be a cofibrant replacement of E and
f(E®); € SptT(Sm/k) be a level fibrant replacement of the T-spectrum f(E°).
Let ©F denote the stabilization functor in the category of T-spectra. Since the
flasque motivic model structure on spaces is weakly finitely generated (this follows
from [13} 3.10]), the T-spectrum O (f(E°);y) is fibrant by [12 4.6] and the mor-
phism f(E°);; — OF (f(E);r) is a stable equivalence by [12, 4.11]. The canonical
arrow g(OF (f(E°)iy)) — O (gf(E°)iy) is a level weak equivalence by [15] p. 477],
and hence the composite morphism

EC = gf(E°) = g(OF (f(E)ir)) = ©%(gf (E)iy)
is a stable weak equivalence, where the left arrow is the adjunction unit morphism.
The P!-spectrum O (gf(E°);s) is a framed Q-spectrum by Lemma [13.3] so the
zigzag
E« E°— 0™(gf(E)iy)
gives an isomorphism in SH (k). O

The preceding theorem says that we can define the stable motivic homotopy
theory as framed P!-spectra or even framed Q-spectra. However, such framed Q-
spectra are hardly amenable for explicit calculations in general, because they require
levelwise motivically fibrant replacements by construction. Instead, the main point
of this paper is to show that whenever the base field k is infinite perfect, one can
nevertheless construct explicit fibrant 2-spectra using the framed correspondences
of Voevodsky and the machinery of framed motives introduced and developed in
this paper.

Namely, suppose £ = (£y,&1,...) € Spt’ (Sm/k) is such that its framed spec-
trum C,Fr(E) satisfies the following conditions:

(1) each space C . Fr(&y), n = 0, is locally connected,;

(2) each space C.Fr(€,), n = 0, is o-invariant (i.e. it takes the framed corre-
spondence ox = (X x0, X xAl, pry1, pry) of level one to a weak equivalence
of simplicial sets for every X € Sm/k);

(3) each structure morphism induces a motivic equivalence

C.Fr(E,) s — Hom(PM, O Fr(Enst)s), n =0,

where the subscript “f” refers to a local fibrant replacement.

Then the spectrum C.Fr(E); = (C.Fr(&)ys, CuFr(&i)y,...) is an Q-spectrum
stably equivalent to £. In particular, if a motivic space X is such that its suspension
T-spectrum satisfies (1) — (3), then C.Fr(X) is locally equivalent to the space
QRN X (see p. 274l for the definition of the latter space). The hardest condition
in practice is condition (3), where the machinery of framed motives works in its full
capacity.

14. CONCLUDING REMARKS

In [24] Voevodsky defined the category Fri® (k) of rational framed correspon-
dences together with an obvious functor Fr.(k) — Fri® (k). The definition of
Fr7e(U, X) replaces regular functions on etale neighborhoods of supports by ra-
tional functions. It follows from [24] that C, Fr"*(U, X) is a group-like space.
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Conjecture 1 (Voevodsky). Let k be an infinite perfect field. Then for any X €
Sm/k the morphism of motivic spaces

Fr(Af x — X) — Fr'® (A} x —, X)
is Nisnevich locally a group completion map of simplicial sets.

To illustrate the importance of this conjecture, we state some of its consequences
below. To be precise, we state that if Voevodsky’s conjecture is true then so are

Corollaries [14.1] [14.2] and Theorem [14.3

Corollary 14.1. If Voevodsky’s conjecture is true then the geometric realization
of the simplicial set Fr ® (A, pt) has the homotopy type of the topological space
Qe (8Y).

Given a field k and X € Sm/k, put 75/"(X) := s (Frret(As, X)).

Corollary 14.2. Suppose Voevodsky’s conjecture is true. Let k = C. Then the
assignment X — W:fT(X) is a generalized homology theory on the category Sm/C.

Moreover, for any non-zero integer m, one has
o IN(X 2 m) = (X 1 Z)/m).

Also, the first part of this corollary is true for any infinite perfect field k. Namely,
the assignment X W:fT(X) 18 a generalized homology theory on the category
Sm/k.

Theorem 14.3. Suppose Voevodsky’s conjecture is true. Let k be an infinite perfect
field. Then for any X € Sm/k the canonical morphism

Friet(Al x —, X) — QX 92 (X,)

is a Nisnevich local weak equivalence of motivic spaces.
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